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❆♥ ❛❧t❡r♥❛t❡ ♣r♦♠✐s✐♥❣ ❞✐r❡❝t✐♦♥ ✇❛s ♣✐♦♥❡❡r❡❞ ✐♥ t❤❡ ♠✐❞ s❡✈❡♥t✐❡s ❜②
❱❛♥ ❉②❦❡ ✇❤♦ ✐♥✐t✐❛t❡❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❤✐❣❤ ♦r❞❡r ♣❡rt✉r❜❛t✐♦♥ s❡r✐❡s
❛♥❞ t❤❡✐r ❛♥❛❧②s✐s ✐♥ ♦r❞❡r t♦ r❡✈❡❛❧ t❤❡✐r ❛♥❛❧②t✐❝❛❧ str✉❝t✉r❡ ❬✷✺❪✳ ❍❡ ♣r♦✲
♣♦s❡❞ s❡✈❡r❛❧ s❡r✐❡s ✐♠♣r♦✈❡♠❡♥ts ❛♥❞ ❝♦♠♣❧❡t✐♦♥ ❡✐t❤❡r t♦ ❝♦♠♣✉t❡ t❤❡♠
♠✉❝❤ ♠♦r❡ ❡✣❝✐❡♥t❧② ♦r t♦ ❡①t❡♥❞ t❤❡✐r r❛♥❣❡ ♦❢ ✉t✐❧✐t②✱ ✐♥ ❛♥ ✉❧t✐♠❛t❡ ❣♦❛❧
t♦ r❡✈❡❛❧ t❤❡✐r ✉♥❞❡r❧②✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ♦r ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣ ❬✷✻✱ ✷✼❪✳ ❍❡
♠❛❞❡ ✐t ❝❧❡❛r t❤❛t ♣♦✇❡r s❡r✐❡s ✉♥❞♦✉❜t❡❞❧② ❝♦♥t❛✐♥ ♥✉♠❡r♦✉s r❡❧❡✈❛♥t ✐♥✲
❢♦r♠❛t✐♦♥ ❛♥❞ ✇❛②s ❝❛♥ ❜❡ ❢♦✉♥❞ t♦ ❡①tr❛❝t t❤❡♠✳ ❇✉t s✉r♣r✐s✐♥❣❧②✱ ♥♦♥❡ ♦❢
❱❛♥ ❉②❦❡✬s ♣♦✇❡r s❡r✐❡s ❛♥❛❧②s✐s ❤❛s ❜❡♥❡✜t❡❞ t♦ t❤❡ ❆◆▼ ②❡t✳
❙♦✱ ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✇❡ ❤❛✈❡ ❛♥❛❧②s❡❞ t❤❡ ♣♦✇❡r s❡r✐❡s t❤❛t ❛r✐s❡ ❛t
❡✈❡r② st❡♣ ♦❢ t❤❡ ❆◆▼ ❛❧❣♦r✐t❤♠ ❛♥❞ ✐t t✉r♥s ♦✉t t❤❛t ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢
s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts ❛ ❣❡♦♠❡tr✐❝ ♣♦✇❡r s❡r✐❡s ❛❧✇❛②s ❡♠❡r❣❡s✳ ▼♦r❡♦✈❡r
✷
t❤✐s ❜❡❤❛✈✐♦r ✐s ❣❡♥❡r✐❝ ❛s ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r♦❜❧❡♠ t♦ ❜❡ s♦❧✈❡❞✳
❚❤❡r❡❢♦r❡ ✇❡ ♣r♦♣♦s❡ t♦ ✉s❡ t❤✐s ❤❛❧❧♠❛r❦ ❛s ❛ r❡❧✐❛❜❧❡ ❜✐❢✉r❝❛t✐♦♥ ✐♥❞✐❝❛t♦r
t♦ ❛❝❝✉r❛t❡❧② ❛♥❞ ❝❤❡❛♣❧② ❝♦♠♣✉t❡ ❛♥② s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳ ❋✐♥❛❧❧②✱
❛s s♦♦♥ ❛s ✐t ✐s ❞❡t❡❝t❡❞✱ ❛ ♥❡✇ ♣♦✇❡r s❡r✐❡s t❤❛t r❡❝♦✈❡rs ❛♥ ♦♣t✐♠❛❧ st❡♣
❧❡♥❣t❤ ✐s ❜✉✐❧❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts✱ ✇❤❡r❡ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡ ✐s
❝r✐t✐❝❛❧❧② ♣❡♥❛❧✐s❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❆◆▼✳
❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ t❤❡♦r❡t✐❝❛❧
❜❛❝❦❣r♦✉♥❞ r❡❧❛t❡❞ t♦ ❜✐❢✉r❝❛t✐♦♥ ❛♥❛❧②s✐s ✐s ✜rst r❡❝❛❧❧❡❞✳ ❋♦r♠❛❧ ❞❡r✐✈❛✲
t✐♦♥s ♦❢ ❆▼◆ ♣♦✇❡r s❡r✐❡s ❛r❡ ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♣❡rt✉r❜❡❞
❜✐❢✉r❝❛t✐♦♥ ❛♥❛❧②s✐s✳ ❚❤❡ ❜❛s✐❝ ❢❡❛t✉r❡s ♦❢ ❆◆▼ ♣♦✇❡r s❡r✐❡s ❛r❡ t❤❡♥ ❤✐❣❤✲
❧✐❣❤t❡❞ ❛♥❞ ❞✐s❝✉ss❡❞✳ ❙❡❝t✐♦♥ ✸ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ✇❛② ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞
❣❡♦♠❡tr✐❝❛❧ ♣♦✇❡r s❡r✐❡s ❡①tr❛❝t✐♦♥ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ♣♦✇❡r s❡r✐❡s✳ ❚❤❡ ❝♦♠✲
♣✉t❛t✐♦♥ ♦❢ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts ❛♥❞ ❡♠❛♥❛t✐♥❣ ❜✐❢✉r❝❛t✐♦♥ ❜r❛♥❝❤❡s ❛r❡ t❤❡♥
❡♠♣❤❛s✐③❡❞✳ ❚❤❡ r❡❧✐❛❜✐❧✐t②✱ r♦❜✉st♥❡ss ❛♥❞ ❡✣❝✐❡♥❝② ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s ♣r❡✲
s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ t❤r♦✉❣❤♦✉t t✇♦ ❛♣♣❧✐❝❛t✐♦♥ ❡①❛♠♣❧❡s ✿ t❤❡ ❜✉❝❦❧✐♥❣ ♦❢ ❛♥
✐♥❡①t❡♥s✐❜❧❡ ❡❧❛st✐❝ ❜❡❛♠ ❛♥❞ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ ✢♦✇ ✐♥ ❛ s②♠♠❡tr✐❝
s✉❞❞❡♥ ❡①♣❛♥s✐♦♥✳ ❋✐♥❛❧❧②✱ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ❢✉t✉r❡ ✇♦r❦ ❞✐r❡❝t✐♦♥s ❛r❡ ❣✐✈❡♥
✐♥ ❙❡❝t✐♦♥ ✺✳
✷ ❋♦r♠❛❧ ❞❡r✐✈❛t✐♦♥s ♦❢ ❆▼◆ ♣♦✇❡r s❡r✐❡s ✐♥ t❤❡
✈✐❝✐♥✐t② ♦❢ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ♠✐♥✐♠❛❧ ♥❡❡❞❡❞ t❤❡♦r❡t✐❝❛❧ ❜❛❝❦✲
❣r♦✉♥❞ ❢♦r ❛♥❛❧②s✐♥❣ ❆◆▼ ♣♦✇❡r s❡r✐❡s ❝♦♠♣✉t❡❞ ♥❡❛r s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥
♣♦✐♥t✳ ▲❡t R(u, λ) = 0 ❜❡ ❛♥ ❛❧❣❡❜r❛✐❝ s②st❡♠ ♦❢ n ♥♦♥❧✐♥❡❛r s♠♦♦t❤ ❡q✉❛✲
t✐♦♥s ✇❤❡r❡ u ∈ Rn ✐s ❛ ✈❡❝t♦r ♦❢ st❛t❡ ✈❛r✐❛❜❧❡s ❛♥❞ λ ∈ R ❛ s✐♥❣❧❡ ❝♦♥tr♦❧
♦r ❜✐❢✉r❝❛t✐♦♥ ♣❛r❛♠❡t❡r✳ ❚❤❡ ❡①t❡♥❞❡❞ st❛t❡ ✈❡❝t♦r U =
[
u
λ
]
∈ Rn+1 ✐s
✐♥tr♦❞✉❝❡❞ ❢♦r ❝♦♠♣❛❝t♥❡ss s✐♥❝❡ ✐t ✐♥❝❧✉❞❡s t❤❡ ♣❛r❛♠❡t❡r λ ❛s ✐ts ❧❛st st❛t❡
✈❛r✐❛❜❧❡✱ s♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠ s②st❡♠ r❡❛❞s ✿
R(U) = 0 ✭✶✮
✇✐t❤♦✉t ❞✐st✐♥❣✉✐s❤✐♥❣ ❜❡t✇❡❡♥ st❛t❡ ✈❛r✐❛❜❧❡s ❛♥❞ ♣❛r❛♠❡t❡r✳ ●❡♥❡r✐❝ s♦❧✉✲
t✐♦♥s ♦❢ ✭✶✮ ❛r❡ ❜r❛♥❝❤❡s ♦❢ s♦❧✉t✐♦♥s✱ ✐❡✱ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉❛ ♦❢ s♦❧✉t✐♦♥
♣♦✐♥ts✳ ■♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ t❤❡ ❆◆▼✱ t❤❡s❡ ❜r❛♥❝❤❡s
❛r❡ r❡♣r❡s❡♥t❡❞ ❛t t❤❡ ❝✉rr❡♥t st❡♣ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦✇❡r s❡r✐❡s ❡①♣❛♥✲
s✐♦♥ ❬✶✸✱ ✾✱ ✶✵✱ ✶✷❪ ✿
U(a) = U0 + aU1 + a
2 U2 + · · ·+ a
n Un ✭✷✮
✇✐t❤ a t❤❡ ♣❛t❤ ♣❛r❛♠❡t❡r ❞❡✜♥❡❞ ✐♥ t❤❡ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ❡q✉❛t✐♦♥✳ ■♥ t❤❡
❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛♥❛❧②s❡ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥t U0 ✐s ❛ s✐♠♣❧❡ ❜✐❢✉r✲
❝❛t✐♦♥ ♣♦✐♥t✱ t❤❡♥✱ ❛ r❡❣✉❧❛r ♣♦✐♥t ❝❧♦s❡❞ t♦ ❛ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥✳
✸
✷✳✶ ❇r❛♥❝❤❡s ♦❢ s♦❧✉t✐♦♥ ❛t ❛ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t
▲❡t Uc ❜❡ ❛ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✇❤❡r❡ t✇♦ ❜r❛♥❝❤❡s ♦❢ s♦❧✉t✐♦♥s
❝r♦ss tr❛♥s✈❡rs❛❧❧②✱ ✐❡✱ ✇✐t❤ t✇♦ ❞✐st✐♥❝t t❛♥❣❡♥ts Ut1 ❛♥❞ Ut2 ✳ ❚❤❡ ❦❡r♥❡❧ ♦❢
t❤❡ ❥❛❝♦❜✐❛♥ ♠❛tr✐① Rc,U ❡✈❛❧✉❛t❡❞ ❛t Uc ✐s t✇♦ ❞✐♠❡♥s✐♦♥❛❧✱
N (Rc,U ) = ❙♣❛♥ {Ut1 , Ut2}, N (R
C T
,U ) = ❙♣❛♥ {ψ}. ✭✸✮
✇❤✐❧❡ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ tr❛♥s♣♦s❡❞ ❥❛❝♦❜✐❛♥ ♠❛tr✐① ✐s ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❬✶✺❪✳
❚❤❡ t✇♦ ✭♥♦r♠❛❧✐③❡❞✮ t❛♥❣❡♥t ✈❡❝t♦rs Uti (i = 1, 2) s❛t✐s❢② t❤❡ ✜rst ♦r❞❡r
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✭✶✮ ❛♥❞ t❤❡ s♦✲❝❛❧❧❡❞ ✧❛❧❣❡❜r❛✐❝ ❜✐❢✉r❝❛t✐♦♥ ❡q✉❛t✐♦♥✧ ❬✶✽❪✱
✇❤✐❝❤ ✐s t❤❡ s❡❝♦♥❞ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✭✶✮ ♣r♦❥❡❝t❡❞ ♦♥ ❧❡❢t ♥✉❧❧✲✈❡❝t♦r
ψ ♦❢ Rc,U ✳
Rc,U Uti = 0
ψT Rc,UUUtiUti = 0
✭✹✮
❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ✭♥♦r♠❛❧✐③❡❞✮ ✈❡❝t♦r U⊥t1 ❛s ❜❡✐♥❣ ✐♥s✐❞❡ N (R
c
,U ) ❛♥❞ ♦r✲
t❤♦❣♦♥❛❧ t♦ Ut1 ✭s❛♠❡ ❢♦r U
⊥
t2 ✮✳ ❚❤❡ ❜r❛♥❝❤ ♦❢ s♦❧✉t✐♦♥s ❡♠❛♥❛t✐♥❣ ❢r♦♠ Uc
❛❧♦♥❣ t❤❡ t❛♥❣❡♥t Ut1 ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛② ✿
U(a) = Uc + aUt1 + a
2 U c2 + a
3 U c3 + · · · ✭✺✮
✇❤❡r❡ a = (U(a) − Uc)
TUt1 ✐s t❤❡ ❝❧❛ss✐❝❛❧ ♣s❡✉❞♦ ❛r❝✲❧❡♥❣t❤ ♣❛r❛♠❡t❡r✳
❯s✐♥❣ ❛ ▲②❛♣✉♥♦✈✲❙❝❤♠✐❞t ❞❡❝♦♠♣♦s✐t✐♦♥✱ t❤❡ ✈❡❝t♦r Up✱ p ≤ 2✱ r❡❛❞s ✿
U cp = βp U
⊥
t1︸ ︷︷ ︸
∈N (Rc
,U
)
+ Vp︸ ︷︷ ︸
∈NT (Rc
,U
)
✭✻✮
✇❤❡r❡ VP ✐s s♦❧✉t✐♦♥ ♦❢ ❛♥ ❛✉❣♠❡♥t❡❞ ✐♥✈❡rt✐❜❧❡ ❧✐♥❡❛r s②st❡♠ ✭s❡❡ ❛♣♣❡♥❞✐①
❢♦r ❞❡t❛✐❧❧❡❞ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ s❝❛❧❛r βp ❛♥❞ t❤❡ ✈❡❝t♦r Vp✮✳ ❲❡ r❡❢❡r t♦ ❬✸❪
❛♥❞ ❬✶✼❪ ❢♦r ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❜r❛♥❝❤❡s ♦❢ s♦❧✉t✐♦♥s ❛t ❛ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✐♥
s♦❧✐❞ ♦r ✢✉✐❞ ♠❡❝❤❛♥✐❝s ♣r♦❜❧❡♠s✳
✷✳✷ P❡rt✉r❜❡❞ ❜✐❢✉r❝❛t✐♦♥ ❛♥❛❧②s✐s ❛t s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✿
❧♦✇ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥
❙♠❛❧❧ ✐♠♣❡r❢❡❝t✐♦♥s ❛r❡ ❛❧✇❛②s ♣r❡s❡♥t ✐♥ ❡①♣❡r✐♠❡♥ts✱ ❜✉t ❛❧s♦ ✐♥ ❝♦♠✲
♣✉t❛t✐♦♥s ♦✇✐♥❣ t♦ ✜♥✐t❡ ♣r❡❝✐s✐♦♥ ♦❢ ❝♦♠♣✉t❡rs ❛♥❞ t❤❡✐r ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳
❚❤✉s✱ ✇❡ ♥♦✇ ♣❛② ❛tt❡♥t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡rt✉r❜❡❞ ♣r♦❜❧❡♠ ✿
Rp(U, µ) = R(U) + µP = 0 ✭✼✮
✇❤❡r❡ P ✐s ❛ ♥♦r♠❛❧✐③❡❞ ♣❡rt✉r❜❛t✐♦♥ ✈❡❝t♦r ❛♥❞ µ ❛ ❢r❡❡ ♣❡rt✉r❜❛t✐♦♥ ❛♠✲
♣❧✐t✉❞❡✳ ■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ψTP 6= 0✱ ✐❡✱ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✈❡❝t♦r P ✐s ♥♦♥✲
❞❡❣❡♥❡r❛t❡ ♦r ❜✐❢✉r❝❛t✐♦♥ ❞❡str♦②✐♥❣✱ ❛s ♦♣♣♦s❡❞ t♦ ❜✐❢✉r❝❛t✐♦♥ ♣r❡s❡r✈✐♥❣
✹
❢♦r t❤❡ ❡①❝❡♣t✐♦♥❛❧ ❝❛s❡ ✇❤❡r❡ ψTP = 0 ❬✷✷❪✳ ❍❡♥❝❡✱ ✇✐t❤♦✉t ❛♥② ❧♦ss ♦❢
❣❡♥❡r❛❧❧② ♦♥❡ ❝❛♥ s❡t ✿
P = ψ + P⊥ ✇✐t❤ ψTP⊥ = 0 ✭✽✮
❲✐t❤ t❤❡ ❛❞❞✐t✐♦♥♥❛❧ ❢r❡❡ ♣❛r❛♠❡t❡r µ s♦❧✉t✐♦♥s ♦❢ ✭✼✮ ❛r❡ ♥♦ ♠♦r❡
❜r❛♥❝❤❡s ❜✉t t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉❛ ♦❢ s♦❧✉t✐♦♥ ♣♦✐♥ts✳ ❆t t❤❡ ❜✐❢✉r❝❛t✐♦♥
♣♦✐♥t Uc✱ t❤❡ ✷❉ ♠❛♥✐❢♦❧❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✉♥❞❡r t❤❡ ❢♦r♠ ♦❢ ❛ t✇♦✲♣❛r❛♠❡t❡r
❡①♣❛♥s✐♦♥ ✿
U = Uc + b1 Ut1 + b2 Ut2︸ ︷︷ ︸
∈N (Rc
,U
)
+V (b1, b2)︸ ︷︷ ︸
∈NT (Rc
,U
)
µ = µ(b1, b2)
✭✾✮
✇❤❡r❡ b1✱ b2 ❛r❡ t❤❡ ❛♠♣❧✐t✉❞❡s ♦❢ U − Uc ♦♥ t❤❡ ❜❛s❡ ✈❡❝t♦rs Ut1 ❛♥❞ Ut2
♦❢ N (Rc,U )✳ ❆❝❝♦r❞✐♥❣ t♦ ❜✐❢✉r❝❛t✐♦♥ t❤❡♦r② ❡①♣❛♥s✐♦♥ ♦❢ V ❛♥❞ µ s❤♦✉❧❞
❜❡❣✐♥ ❛t ♦r❞❡r t✇♦ ✐♥ b1, b2 ❛♥❞ t❤❡ s❡❝♦♥❞ ♦r❞❡r ♦❢ µ s❤♦✉❧❞ s♦❧✈❡ ❢♦r t❤❡
✧❛❧❣❡❜r❛✐❝ ❜✐❢✉r❝❛t✐♦♥ ❡q✉❛t✐♦♥✧ ✿
µ(b1, b2) = b1 b2 ψ
TRc,UUUt1Ut2︸ ︷︷ ︸
µ1
✭✶✵✮
✷✳✷✳✶ P❡rt✉r❜❡❞ ❜r❛♥❝❤❡s
❲❤❡♥ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛♠♣❧✐t✉❞❡ ✐s ✜①❡❞ t♦ ❛ ❣✐✈❡♥ ✈❛❧✉❡ µ0✱ ❣❡♥❡r✐❝ s♦✲
❧✉t✐♦♥s ♦❢ ✭✼✮ ❣❡t ❜❛❝❦ t♦ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t✐♥✉❛ ❝❛❧❧❡❞ ♣❡rt✉r❜❡❞ ❜r❛♥❝❤❡s✳
❚❤❡② ❧♦♦❦ ❧✐❦❡ t❤❡ t✇♦ ❤②♣❡r❜♦❧❛❡ s❤♦✇♥ ✐♥ ✜❣✉r❡✭✶✮ ❛♥❞ t❤❡② ❛r❡ ❣✐✈❡♥ ❛t
❧♦✇ ♦r❞❡r ❜② t❤❡ ♣❛r❛♠❡tr✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ✿
U(b1, b2) = Uc + b1Ut1 + b2Ut2 ✇✐t❤ b1b2 =
µ0
µ1
. ✭✶✶✮
Ut1
Ut2
Uc
U0
d Ut1
❋✐❣✉r❡ ✶ ✕ P❡rt✉❜❡❞ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ❛t ❧♦✇❡st ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥✳
✺
✷✳✸ P❡rt✉r❜❡❞ ❜r❛♥❝❤ ❡①♣r❡ss✐♦♥ ❢r♦♠ ❛ r❡❣✉❧❛r ♣♦✐♥t ❧♦✲
❝❛t❡❞ ❝❧♦s❡ t♦ ❛ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t
▲❡t d ❜❡ ❛ ❣✐✈❡♥ ❞✐st❛♥❝❡✱ ♦♥❡ s❡ts b1 = d ❛♥❞ b2 =
µ0
µ1d
✐♥t♦ ✭✶✶✮ t♦ ❞❡✜♥❡
❛ r❡❣✉❧❛r ♣♦✐♥t ✿
U0 = Uc + d Ut1 +
µ0
µ1d
Ut2 ✭✶✷✮
❛t ❛ ❞✐st❛♥❝❡ d ❛❧♦♥❣ Ut1 ❢r♦♠ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳ ❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ♥❡✇
♣❛t❤ ♣❛r❛♠❡t❡r a = d− b1 ❛♥❞ r❡✇r✐t❡ ✭✶✶✮ ❛s ✿
U(a) = U0 + a (−Ut1) +
µ0
µ1d
a
d
(1− ad )
Ut2 ✭✶✸✮
❚❤✐s ❧❛st ❡q✉❛t✐♦♥ ❣✐✈❡s ❛ ♣❛r❛♠❡tr✐❝ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❛t❡❞ ❜r❛♥❝❤
❢r♦♠ t❤❡ r❡❣✉❧❛r s♦❧✉t✐♦♥ ♣♦✐♥t U0 ✭a = 0✮ t♦✇❛r❞ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t Uc
✭a > 0✮✳ ❚❤❡ r❛t✐♦♥❛❧ ❢r❛❝t✐♦♥ t❤❛t ❛♣♣❡❛rs ✐♥ Ut2 ✬s ❛♠♣❧✐t✉❞❡ ❤❛s ❛ ♣♦❧❡ ❢♦r
a = d✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ♣❡rt✉r❜❡❞ ❜r❛♥❝❤ t✉r♥ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ Ut2 ♥❡❛r
t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳ ◆♦t✐❝❡ t❤❛t ✇❤❡♥ µ0 ✐s ✈❡r② s♠❛❧❧ t❤❡ ❛♠♣❧✐t✉❞❡ ❢♦r
Ut2 ✐s ❛❧s♦ ✈❡r② s♠❛❧❧ ❡①❝❡♣t ✇❤❡♥ a ✐s ✈❡r② ❝❧♦s❡ t♦ d✳
❚❤✐s s✐♠♣❧❡ r❡❛s♦♥✐♥❣ t❤❛t ❧❡❛❞s t♦ ✭✶✸✮ ❛❧r❡❛❞② s❤♦✇s t❤❡ ❦❡② ♣♦✐♥t ♦❢ t❤❡
♣r❡s❡♥t ❛♥❛❧②s✐s ✿ ❢♦r ❛♥② ♥♦♥ ③❡r♦ ✐♠♣❡r❢❡❝t✐♦♥ t❤❡ ✭✈❡❝t♦r✮ ❢✉♥❝t✐♦♥ U(a)
❤❛s ❛ s✐♥❣✉❧❛r✐t② ❢♦r a = d✱ ✐❡✱ ❢♦r ❛ ♣♦s✐t✐✈❡ r❡❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r a
❛♥❞ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ s✐♥❣✉❧❛r✐t② ✐s ♦❢ t❤❡ ❦✐♥❞ (1− ad )
−1✳ ❚❤❡ ❚❛②❧♦r s❡r✐❡s ♦❢
s✉❝❤ ❛ r❛t✐♦♥❛❧ ❢r❛❝t✐♦♥ ✐s ✿ ad +(
a
d )
2+(ad )
3+ · · · ✳ ■t r❡♣r❡s❡♥ts ❛ ❣❡♦♠❡tr✐❝❛❧
♣r♦❣r❡ss✐♦♥ ✇❤♦s❡ ❝♦♠♠♦♥ r❛t✐♦ ✐s 1d ❛♥❞ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ d✳ ❚❤❡s❡
r❡s✉❧ts ❛r❡ ❣❧♦❜❛❧❧② ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❆◆▼ s❡r✐❡s ✇❤❡♥ t❤❡
❡①♣❛♥s✐♦♥ ♣♦✐♥t ✐s ❝❧♦s❡ t♦ ❛ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳ ❍♦✇❡✈❡r✱ t❤❡ ♣✐❝t✉r❡ ✐s ♥♦t
❝♦♠♣❧❡t❡ ❜❡❝❛✉s❡ ✭✶✸✮ ✐s ♦♥❧② ❛ ✜rst ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥✳
✷✳✹ ❊①t❡♥t✐♦♥ t♦ ❤✐❣❤❡r ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥
❚♦ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❛t ❤✐❣❤ ♦r❞❡rs ✇❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❞❡r✐✈❛t✐♦♥
♦❢ ❛ t✇♦ ♣❛r❛♠❡t❡r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ✷❉ ♠❛♥✐❢♦❧❞ ✉♥❞❡r t❤❡ ❢♦r♠ ✿
U(a1, a2) = Uc + a1Ut1 + a2U
⊥
t1 +a
2
1V20 + a1a2V11 + a
2
2V02
+a31V30 + a
2
1a2V21 + a1a
2
2V12 + a
3
2V03
+ · · ·
✭✶✹✮
µ(a1, a2) = a
2
1µ20 + a1a2µ11 + a
2
2µ02
+a31µ30 + a
2
1a2µ21 + a1a
2
2µ12 + a
3
2µ03
+ · · ·
✭✶✺✮
✇❤❡r❡ a1 ❛♥❞ a2 ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ U − Uc ♦♥ t❤❡ ❜❛s❡ ✈❡❝t♦r
Ut1 ❛♥❞ U
⊥
t1 ♦❢ N (R
c
,U )✳ ■♥ t❤❡ ♣❡rs♣❡❝t✐✈❡ t♦ ❛♥❛❧②s❡ ❆◆▼ ♣♦✇❡r s❡r✐❡s✱
t❤❡ ❝❤♦✐❝❡ ♦❢ ✭a1✱ a2✮ ♣❛r❛♠❡t❡rs ✐s ❜❡tt❡r t❤❛♥ ✭b1✱ b2✮✱ ✇❤✐❝❤ ✇❡r❡ t❤❡
❜❡st ♦♥❡ ❢♦r ❛ ✜rst ♦r❞❡r ❛♥❛❧②s✐s✳ ❆❧❧ t❤❡ ✈❡❝t♦rs Vij ✬s ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ Ut1
✻
❛♥❞ U⊥t1 ✱ t❤❡✐r ❡①♣r❡ss✐♦♥ ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ❛♣♣❡♥❞✐① ❢♦r ❜r❡✈✐t② ✐♥ t❤❡
♣r❡s❡♥t❛t✐♦♥✳
❚❤❡ ♥❡①t st❡♣ ✐s t♦ r❡✇r✐t❡ t❤❡ ✷❉ ♠❛♥✐❢♦❧❞ ❜② t❛❦✐♥❣ a1 ❛♥❞ µ ❛s ♣❛✲
r❛♠❡t❡rs ✐♥st❡❛❞ ♦❢ a1 ❛♥❞ a2✳ ❋♦r t❤✐s ✇❡ ❢♦❧❧♦✇ t❤❡ ♣r♦❝❡❞✉r❡ ♣r♦♣♦s❡❞ ❜②
❉❛♠✐❧ ❛♥❞ P♦t✐❡r✲❋❡rr② ✐♥ ❬✶✸❪ t♦ ❣❡t ✿
U(a1, µ) = Uc + a1 Ut1 + a
2
1 U
c
2 + a
3
1 U
c
3 + · · ·
+ µµ11
(
1
a1
U⊥t1 + U0,1 + a1U1,1 + a
2
1U2,1 + · · ·
)
+ µ
2
µ2
11
(
1
a3
1
U⊥t1 +
1
a2
1
U−2,2 ++
1
a1
U−1,2 + · · ·
)
+ µ
2
µ3
11
(
1
a5
1
U⊥t1 + · · ·
)
✳✳✳
✭✶✻✮
❚❤❡ ✜rst ❧✐♥❡ ♦❢ ✭✶✻✮ ❡①❛❝t❧② ❝♦rr❡s♣♦♥❞s t♦ ✭✺✮✱ t❤❡ ❝❛s❡ ✇✐t❤ ♥♦ ✐♠♣❡r❢❡❝✲
t✐♦♥✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t s✐♥❣✉❧❛r t❡r♠s ♦❢ t❤❡ ❦✐♥❞ 1
ap
1
❛♣♣❡❛r ✐♥ s✉❜s❡q✉❡♥t
❧✐♥❡s ♦❢ t❤✐s ❡①♣r❡ss✐♦♥✳
✷✳✹✳✶ ❋✐rst ♦r❞❡r tr✉♥❝❛t✐♦♥ ✐♥ µ
■♥ ♦✉r ❆◆▼ ❝♦♥t✐♥✉❛t✐♦♥ ♣r♦❝❡ss ✐♠♣❡r❢❡❝t✐♦♥s ❛♣♣❡❛r ❜❡❝❛✉s❡ t❤❡ s♦✲
❧✉t✐♦♥ ♣♦✐♥ts ✇❤❡r❡ t❤❡ s❡r✐❡s ❛r❡ ❝♦♠♣✉t❡❞ ❞♦ ♥♦t ❡①❛❝t❧② s❛t✐s❢② ✭✶✮ ❜✉t
♦♥❧② ✉♣ t♦ ❛ r❡q✉✐r❡❞ ✉s❡r✲❞❡✜♥❡❞ ♣r❡❝✐s✐♦♥ εR✱ ✐❡✱ U0 ✐s ❛ s♦❧✉t✐♦♥ ♣♦✐♥t ✐❢
||R(U0)|| < εR✳ ❚❤❡ ❆◆▼ s❡r✐❡s ❡✈❛❧✉❛t❡❞ ❛t U0 ❛r❡ ✐♥❞❡❡❞ t❤❡ ❡①❛❝t ❢♦r♠❛❧
s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❡❞ ♣r♦❜❧❡♠ R(U) − R(U0) = 0✳ ■♥ ❛♣♣❧✐❝❛t✐♦♥s✱ εR
✐s ❣❡♥❡r❛❧❧② s❡t t♦ ❛ ✈❡r② s♠❛❧❧ ✈❛❧✉❡✱ ❤❡♥❝❡✱ t❤❡ ✐♠♣❡r❢❡❝t✐♦♥ ❛♠♣❧✐t✉❞❡ µ0
❝♦♥s✐❞❡r❡❞ ❤❡r❛❢t❡r ✇✐❧❧ ❛❧s♦ ❜❡ ✈❡r② s♠❛❧❧✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❜❡❣✐♥ t❤✐s
❛♥❛❧②s✐s ✐♥ ❧✐♠✐t✐♥❣ t♦ ❛ ✜rst ♦r❞❡r tr✉♥❝❛t✉r❡ ✐♥ µ✳
✷✳✹✳✷ P❡rt✉r❜❡❞ ❜r❛♥❝❤ ❡①♣r❡ss✐♦♥ ❢♦r♠ ❛ r❡❣✉❧❛r ♣♦✐♥t U0
❆s ❛❜♦✈❡ ✇❡ s❡t t❤❡ ✐♠♣❡r❢❡❝t✐♦♥ ❛♠♣❧✐t✉❞❡ µ t♦ ❛ ✜①❡❞ ✈❛❧✉❡ µ0 t♦
❞❡✜♥❡ ♣❡rt✉r❜❡❞ ❜r❛♥❝❤❡s✳ ❚❤❡♥✱ ✇❡ ❞❡♣♦rt t❤❡ ❡①♣❛♥s✐♦♥ ♣♦✐♥t ❢r♦♠ Uc t♦
U0 ❜② t❛❦✐♥❣ a = d− a1 t♦ ❣❡t ✿
U(a) = U0 + aU
0
t1 + a
2 U02 + a
3 U03 + · · ·
+ µ0µ11
(
a
d(d−a)U
⊥
t1 + aU
0
1,1 + a
2U02,1 + · · ·
) ✭✶✼✮
❚❤❡ ♥❡✇ ✈❡❝t♦r U0i ❛♥❞ U
0
i,j ✭❛t U0✮ ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ U
c
i ❛♥❞
Ui,j ✭❛t Uc✮ ♦❢ ✭✶✻✮ ❛♥❞ d✳
▲❡t r ❜❡ t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✜rst ❧✐♥❡ ♦❢ ✭✶✼✮✱ ✐❡✱ t❤❡ s❡r✐❡s
❢♦r t❤❡ ♣❡r❢❡❝t ❜r❛♥❝❤✳ ▲❡t ✉s s❝❛❧❡ t❤❡ ♣❛t❤ ♣❛r❛♠❡t❡r a ❜② r✱ s♦ t❤❛t t❤❡
r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣❡r❢❡❝t ❜r❛♥❝❤ ❜❡❝♦♠❡s ✉♥✐t② ❛♥❞ t❤❡ ♥♦r♠ ♦❢
t❤❡ s❡r✐❡s ❝♦❡✣❝✐❡♥t ❜❡❝♦♠❡ ♦❢ ♦r❞❡r ♦❢ ✉♥✐t②✳ ❉❡♥♦t✐♥❣ a¯ = ar ✱ ✇❡ ❣❡t t❤❡
✼
✜♥❛❧ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣❡rt✉r❜❡❞ ❜r❛♥❝❤❡s ✿
U(a¯) = U0 + a¯ (r U
0
t1) + a¯
2 (r2 U02 ) + a¯
3 (r3 U03 ) + · · ·
+ µ0µ11
(
a¯ r
d
d (1−a¯ r
d
)U
⊥
t1 + a¯(r U
0
1,1) + a¯
2(r2 U02,1) + · · ·
) ✭✶✽✮
❚❤❡ ❆◆▼ ♠❡t❤♦❞ ❞♦❡s ♥♦t ❣✐✈❡ ❛❝❝❡ss t♦ ✭✶✽✮ ❜✉t ♦♥❧② t♦ ✐ts ♣♦✇❡rs
s❡r✐❡s✳ ❊①♣❛♥❞✐♥❣ t❤❡ r❛t✐♦♥❛❧ ❢r❛❝t✐♦♥ ♦❢ ✭✶✽✮ ♦♥❡ ❝❛♥ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①✲
♣r❡ss✐♦♥ ❢♦r t❤❡ s❡r✐❡s ❝♦❡✣❝✐❡♥t U¯0p ❛t ♦r❞❡r p ♦❢ t❤❡ r❡s❝❛❧❡❞ ❆◆▼ ❡①♣❛♥s✐♦♥
❡✈❛❧✉❛t❡❞ ♥❡❛r ❛ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✿
U¯0p = r
p U0p +
µ0
µ11
rp U0p,1 +
µ0
µ11d
(
r
d
)p U⊥t1 ✭✶✾✮
❚❤❡ ✜rst t❡r♠ rp U0p ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❡r❢❡❝t ❝❛s❡ s✐t✉❛t✐♦♥ µ0 = 0✳ ❇❡❝❛✉s❡
♦❢ t❤❡ r❡s❝❛❧❧✐♥❣✱ ✐ts ♥♦r♠ ✐s ♦❢ ♦r❞❡r ♦❢ ✉♥✐t②✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ µ0µ11 r
p U0p,1 ✐s
❛ t❤❡ ✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❞✉❡ t♦ t❤❡ ✐♠♣❡r❢❡❝t✐♦♥ ❛♥❞
✐ts ♥♦r♠ ✐s ❛❧s♦ ♦❢ ♦r❞❡r ♦❢ ✉♥✐t②✳ ❚❤❡ t❤✐r❞ t❡r♠ µ0µ11d (
r
d)
p U⊥t1 ✐s ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ s✐♥❣✉❧❛r✐t② ❜r♦✉❣❤t ❜② t❤❡ ♣❡rt✉r❜❡❞ ❜✐❢✉r❝❛t✐♦♥✳ ■ts ❛♠♣❧✐t✉❞❡ ✐s
❛ ♣r♦❞✉❝t ♦❢ t❤❡ s♠❛❧❧ ✐♠♣❡r❢❡❝t✐♦♥ µ0 ✇✐t❤ t❤❡ p ♣♦✇❡r ♦❢
r
d ✱ ✇❤✐❝❤ ❝❛♥ ❜❡
✈❡r② ❧❛r❣❡ ✇❤❡♥ d << r✳
■t ❢♦❧❧♦✇s t❤❡ ✐♠♣♦rt❛♥t r❡s✉❧ts ✿ ✇❤❡♥ t❤❡ ❞✐st❛♥❝❡ d ❜❡t✇❡❡♥ U0 ❛♥❞ Uc
✐s s♠❛❧❧❡r t❤❛♥ r✱ ✐❡✱ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✐s ✐♥s✐❞❡ t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡
♦❢ t❤❡ ✑♣❡r❢❡❝t✑ s❡r✐❡s✱ t❤❡ ❧❛st t❡r♠ ♦❢ ✭✶✾✮ ❞♦♠✐♥❛t❡s t❤❡ s❡r✐❡s ❛t ❤✐❣❤ ♦r❞❡r
✇❤❛t❡✈❡r t❤❡ ✐♠♣❡r❢❡❝t✐♦♥ ♠❛❣♥✐t✉❞❡ µ0✳ ▼♦r❡♦✈❡r✱ ❛t ❤✐❣❤ ♦r❞❡r t❤❡ s❡r✐❡s
❜❡❤❛✈❡s ❧✐❦❡ ❛ ❣❡♦♠❡tr✐❝❛❧ ♣r♦❣r❡ss✐♦♥ ✇✐t❤ ❛ ❝♦♠♠♦♥ r❛t✐♦ rd ✭♦r
1
d ❢♦r t❤❡
♥♦♥ s❝❛❧❡❞ s❡r✐❡s✮✱ ❛♥❞ t❤❡ s❡r✐❡s t❡r♠ U¯0p ✭♦r U
0
p ❢♦r t❤❡ ♥♦♥s❝❛❧❡❞ s❡r✐❡s✮
❜❡❝♦♠❡s ❝♦❧✐♥❡❛r t♦ t❤❡ ✈❡❝t♦r U⊥t1 ✳
■♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❡♥ d < r ❛♥❞ µ0 6= 0✱ t❤❡ ♣♦❧❡ ♦❢ t❤❡ r❛t✐♦♥❛❧ ❢r❛❝t✐♦♥
✐♥ ✭✶✽✮ ✭♦r ✭✶✼✮✮ ❜❡❝♦♠❡s t❤❡ ♥❡❛r❡st s✐♥❣✉❧❛r✐t② ♦❢ U(a¯) ❛♥❞ s❡t t❤❡ r❛❞✐✉s ♦❢
❝♦♥✈❡r❣❡♥❝❡ t♦ d✱ ✐♥st❡❛❞ ♦❢ r ❢♦r t❤❡ ♣❡r❢❡❝t ❝❛s❡ µ0 = 0✳ ❚❤✐s ✐s ♣❡r❢❡❝t❡❧②
✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♠❛❞❡ ♦♥ ❆◆▼ s❡r✐❡s ❛t ❡①♣❛♥s✐♦♥ ♣♦✐♥t ❝❧♦s❡
t♦ ❛ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✱ ❛s ✐t ✇✐❧❧ ❜❡ s❤♦✇♥ ♦♥ ❡①❛♠♣❧❡s ❜❡❧♦✇✳
✷✳✹✳✸ ❘❡t✉r♥ t♦ ❤✐❣❤ ♦r❞❡r t❡r♠s ✐♥ µ
▲❡t ✉s ♥♦✇ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ❤✐❣❤ ♦r❞❡r µ t❡r♠ ✐♥ ✭✶✻✮ t❤❛t ❤❛✈❡ ❜❡❡♥
s✉♣♣r❡ss❡❞ ❛❜♦✈❡✱ ❝❧❛✐♠✐♥❣ t❤❛t µ ✐s ✈❡r② s♠❛❧❧ ✐♥ ♦✉r ❛♣♣❧✐❝❛t✐♦♥s✳ ❖♥❡
q✉❡st✐♦♥ st✐❧❧ r❡♠❛✐♥s ✿ ✇❤❛t ✐s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♠♦r❡ s✐♥❣✉❧❛r t❡r♠s s✉❝❤ ❛s
µ2
0
µ2
11
1
a3
1
❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❧❡ss s✐♥❣✉❧❛r t❡r♠ µ0µ11
1
a1
r❡t❛✐♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
❛♥❛❧②s✐s ❄✳ ❚♦ ❛♥s✇❡r ✐t✱ ❧❡t ✉s ❛♥❛❧②s❡ t❤❡ ❚❛②❧♦r s❡r✐❡s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t♦②
♠♦❞❡❧ ✿
f(x) =
1
1− x︸ ︷︷ ︸
f1(x)
+ 10−3
1
(1− x)3︸ ︷︷ ︸
f2(x)
. ✭✷✵✮
✽
❆❝❝♦r❞✐♥❣ t♦ ❱❛♥ ❉②❦❡ ❬✷✺❪ t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡✱ s✐❣♥ ♣❛tt❡r♥ ✐♥ t❤❡
❚❛②❧♦r s❡r✐❡s ❝♦❡✣❝✐❡♥ts ❛♥❞ ✈❛❧✉❡s ♦❢ ❝♦❡✣❝✐❡♥ts ❛t ❤✐❣❤ ♦r❞❡r ❛r❡ ❜♦t❤
❣♦✈❡r♥❡❞ ❜② t❤❡ ♥❡❛r❡st s✐♥❣✉❧❛r✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥✳ ❲❤❡♥ t✇♦ s✐♥❣✉❧❛r✐t✐❡s
❛r❡ ❛t t❤❡ s❛♠❡ ❞✐st❛♥❝❡✱ ❛s ✐♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ♠♦st s✐♥❣✉❧❛r ♦♥❡s ✇✐❧❧
✐♠♣♦s❡ ✐ts❡❧❢ ✭❤❡r❡ f2✮✱ r❛t❤❡r t❤❛♥ t❤❡ ♦♥❡ ✇✐t❤ t❤❡ ❧❛r❣❡st ❛♠♣❧✐t✉❞❡ ✭❤❡r❡
f1✮✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦♠✐♥❡♥❝❡ ♦❢ f2 ♦♥❧② ♦❝❝✉rs ❛t ✈❡r② ❤✐❣❤ ♦r❞❡r ❛s ✐t ✐s
r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ ✶✱ ❜❡❝❛✉s❡ ♦❢ ✐ts s♠❛❧❧ ❛♠♣❧✐t✉❞❡ 10−3✳
♦r❞❡r ✶ ✷ ✸ ✳ ✳ ✳ ✹✸ ✹✹ ✳ ✳ ✳ ✾✾ ✶✵✵
f1 ✶ ✶ ✶ ✳ ✳ ✳ ✶ ✶ ✳ ✳ ✳ ✶ ✶
f2 ✵✳✵✵✸ ✵✳✵✵✻ ✵✳✵✶ ✳ ✳ ✳ ✵✳✾✾ ✶✳✵✸✺ ✳ ✳ ✳ ✺✳✵✺✵ ✺✳✶✺✶
❚❛❜❧❡ ✶ ✕ ❚❛②❧♦r ❝♦❡✣❝✐❡♥ts ❢♦r t❤❡ ❢✉♥❝t✐♦♥ f1 =
1
1−x ❛♥❞ f2 = 10
−3 1
(1−x)3 ✳
■♥ ✭✶✻✮✱ t❤❡ ♠♦st s✐♥❣✉❧❛r t❡r♠s ❤❛✈❡ ❛ ♠✉❝❤ s♠❛❧❧❡r ❛♠♣❧✐t✉❞❡ t❤❛♥ t❤❡
❧❡ss s✐♥❣✉❧❛r ♦♥❡s ✇❤❡♥ µ0 ✐s ✈❡r② s♠❛❧❧✳ Pr❛❝t✐❝❛❧❧②✱ ✇✐t❤ µ0 = 10
−8 ❛♥❞ ❛
tr✉♥❝❛t✉r❡ ❛r♦✉♥❞ ♦r❞❡r 20✱ t❤❡s❡ ♠♦r❡ s✐♥❣✉❧❛r t❡r♠s ❞♦ ♥♦t s❤♦✇ ✉♣ ✐♥
♦✉r ❛♥❛❧②s✐s✳
✸ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♣♦✇❡r s❡r✐❡s ❛♥❛❧②s✐s ✐♥ t❤❡
❆s②♠♣t♦t✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞
■t ❤❛s ❜❡❡♥ ♣r❡✈✐♦✉s❧② ♣♦✐♥t❡❞ ♦✉t t❤❛t ♣♦✇❡r s❡r✐❡s ❛♥❛❧②s✐s ✐s t✇♦❢♦❧❞
✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❆s②♠♣t♦t✐❝ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞ ✿ ✭✐✮ ✐t ♣r♦✈✐❞❡s ❛♥
❛❝❝✉r❛t❡ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡✣❝✐❡♥t ✇❛② t♦ ❞❡t❡❝t ❛♥❞ ❝♦♠♣✉t❡ ❜✐❢✉r❝❛t✐♦♥
♣♦✐♥ts ✭s♦❧✉t✐♦♥ ❛t ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts✮ ❀ ✭✐✐✮ ✐t ❡♥❛❜❧❡s ✉s t♦ ❝♦♥str✉❝t ❛♥
❡♥❤❛♥❝❡❞ ♣♦✇❡r s❡r✐❡s t❤❛t r❡❝♦✈❡rs ❛♥ ♦♣t✐♠❛❧ st❡♣ ❧❡♥❣t❤ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢
❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts ✇❤❡r❡ t❤❡ ❝❧❛ss✐❝❛❧ ❆◆▼ ✐s ♦t❤❡r✇✐s❡ ❞r❛st✐❝❛❧❧② ♣❡♥❛❧✐s❡❞✳
❙♦ t❤❡ ✇❛② ✇❡ ❤❛✈❡ ✐♠♣❧❡♠❡♥t❡❞ t❤❡s❡ ❦❡② ♣♦✐♥ts ❛r❡ ♥♦✇ ♣r❡s❡♥t❡❞✳
✸✳✶ ❉❡t❡❝t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝ ♣r♦❣r❡ss✐♦♥ ✐♥ t❤❡ ❆◆▼
❆♥② ❣❡♦♠❡tr✐❝ ♣r♦❣r❡ss✐♦♥ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t✇♦ q✉❛♥t✐t✐❡s ✿ ✐ts
❝♦♠♠♦♥ r❛t✐♦ ❛♥❞ ✐ts s❝❛❧❡ ❢❛❝t♦r✱ ✇❤✐❝❤ ✐s ❤❡r❡ ❛ ✜❡❧❞ ✈❡❝t♦r✳ ❙♦✱ t❤❡ ♣r♦✲
♣♦s❡❞ ❆◆▼ ❛❧❣♦r✐t❤♠ ✐♥❝❧✉❞❡s ❛t ❡✈❡r② ❝♦♥t✐♥✉❛t✐♦♥ st❡♣ ❛♥ ❛♥❛❧②s✐s ♦❢ t❤❡
❧❛st ✈❡❝t♦r s❡q✉❡♥❝❡ t♦ ❝❤❡❝❦ ✐❢ t❤❡② ♠❛❦❡ ✉♣ ❛ ❣❡♦♠❡tr✐❝ ♣r♦❣r❡ss✐♦♥ ♦r ♥♦t✳
▲❡t Un−3, Un−2, Un−1, Un ❜❡ t❤❡ ❧❛st ❢♦✉r ✜❡❧❞ ✈❡❝t♦r s❡q✉❡♥❝❡ ✐♥ t❤❡ ❆◆▼
♣♦✇❡r s❡r✐❡s ✭✷✮ ❝♦♠♣✉t❡❞ ✉♣ t♦ ❛♥ ♦r❞❡r ♦❢ tr♦♥❝❛t✉r❡ n✳ ❚❤❡♥✱ t❤❡ ❞❡t❡❝✲
t✐♦♥ ♦❢ ❛ ❣❡♦♠❡tr✐❝ ♣r♦❣r❡ss✐♦♥ ❝❤❡❝❦s ❢♦r ❝♦❧❧✐♥❡❛r✐t② ❛♥❞ ♣r♦♣♦rt✐♦♥❛❧✐t② ♦❢
✾
t❤✐s ✈❡❝t♦r s❡q✉❡♥❝❡✳ ❚❤✐s t❡st r❡❛❞s ❛s ❢♦❧❧♦✇s ✿
❢♦r n− 3 ≤ p ≤ n− 1 : αp = (Up · Un)/(Un · Un) ❛♥❞ U
⊥
p = Up − αpUn
✐❢
n−2∑
p=n−3
(
(α1/(n−p)p − αn−1)/αn−1
)2
< εgp1 ❛♥❞
n−1∑
p=n−3
‖U⊥p ‖/‖Up‖ < εgp2
t❤❡♥ ❛ ❣❡♦♠❡tr✐❝ ♣r♦❣r❡ss✐♦♥ ✐s ❞❡t❡❝t❡❞✱ s♦ ♦♥❡ ❝♦♠♣✉t❡s ✿
✕ ✐ts ❝♦♠♠♦♥ r❛t✐♦ ✿ 1α =
1
αn−1
✕ ✐ts s❝❛❧❡ ❢❛❝t♦r ✿ Unα
n
✭✷✶✮
❆❝❝♦r❞✐♥❣ t♦ s❡❝t✐♦♥ ✷✱ α ✐s t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❝❧♦s❡st ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❛♥❞
t❤❡ ♥♦r♠❛❧✐s❡❞ s❝❛❧❡ ❢❛❝t♦r ✭ Un||Un||✮ ✐s t❤❡ ✈❡❝t♦r U
⊥
t1 ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞✳
■♥ ♦✉r ❝❛❧❝✉❧❛t✐♦♥s s❡tt✐♥❣ t❤❡ t✇♦ ♥✉♠❡r✐❝❛❧ t❤r❡s❤♦❧❞ ✈❛❧✉❡s t♦ εgp1 ≈
10−3 ❛♥❞ εgp2 ≈ 10
−6 ❣❛✈❡ ✉s r❡❧✐❛❜❧❡ ❛♥❞ r♦❜✉st ❜✐❢✉r❝❛t✐♦♥ ❞❡t❡❝t✐♦♥ t❡st✳
✸✳✷ ❊♥❤❛♥❝❡❞ ♣♦✇❡r s❡r✐❡s t♦ r❡❝♦✈❡r ♦♣t✐♠❛❧ st❡♣ ❧❡♥❣t❤
▲❡t ✉s ♥♦✇ s✉♣♣♦s❡ ❛ ❣❡♦♠❡tr✐❝ ♣r♦❣r❡ss✐♦♥ ❤❛s ❜❡❡♥ ❥✉st ❞❡t❡❝t❡❞ ❛t
t❤❡ ❤✐❣❤❡st ♦r❞❡rs ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♠❡t❤♦❞ ✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ t❡st ✭✷✶✮✳
❚❤❡♥✱ t❤❡ ♦r✐❣✐♥❛❧ ♣♦✇❡r s❡r✐❡s ✭✷✮ ❝❛♥ ❜❡ s♣❧✐tt❡❞ ✐♥ t✇♦ ♣❛rts ✿ ❛ ❣❡♦♠❡tr✐❝
♣♦✇❡r s❡r✐❡s ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt ❢r♦♠ t❤❡ ♦r✐❣♥❛❧ ♦♥❡✱ ❛s ❢♦❧❧♦✇s ✿
U(a) = U0 + a Uˆ1 + a
2 Uˆ2 + · · ·+ a
n−1 Uˆn−1+[ a
α
+ (
a
α
)2 + · · ·+ (
a
α
)n−1 + (
a
α
)n
]
Unα
n
✭✷✷✮
✇❤❡r❡ Uˆp = Up − α
n−p Un ❢♦r 0 < p ≤ n − 1✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ ❢♦r♠❛❧
❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♣♦✇❡r s❡r✐❡s t♦❣❡t❤❡r ✇✐t❤ ❛ ❝♦♠♣❧❡t✐♦♥ ❛t
✐♥✜♥✐t②✱ ❛♥❞ ✉s✐♥❣ Un||Un|| = U
⊥
t1 ✱ ♦♥❡ ✜♥❛❧❧② ❣❡ts ✿
U(a) = U0 + a Uˆ1 + a
2 Uˆ2 + · · ·+ a
n−1 Uˆn−1 +
a
α
1− aα
||Un||α
n U⊥t1 ✭✷✸✮
❚❤❡ ♣♦✇❡r s❡r✐❡s ❛♥❛❧②s✐s ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷ ❡♥❛❜❧❡s ✉s t♦ ✉♥❞❡rst❛♥❞ t❤❡
✉♥❞❡r❧②✐♥❣ ✐ss✉❡s r❡❧❛t❡❞ t♦ t❤❡s❡ t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ♣❛rt ♦❢ ✭✷✸✮ ✐s t❤❡ ♣♦✇❡r
s❡r✐❡s t❤❛t ❛❝t✉❛❧❧② ❞❡s❝r✐❜❡s t❤❡ ♣❡r❢❡❝t ❜r❛♥❝❤✱ ✇❤❡r❡❛s t❤❡ s❡❝♦♥❞ ♣❛rt✱
✐✳❡✳✱ t❤❡ ❣❡♦♠❡tr✐❝ ♣♦✇❡r s❡r✐❡s ❛❝❝♦✉♥ts ❢♦r t❤❡ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❛♠♣❧✐✜❝❛t✐♦♥
♦❢ ❛♥② ✐♠♣❡r❢❡❝t✐♦♥ ✇✐t❤ t❤❡ ♦t❤❡r ❜r❛♥❝❤ t❤❛t ❝r♦ss❡s t❤❡ ♣r❡s❡♥t ♦♥❡ ❛t
t❤❡ ♥❡①t ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳ ❚❤❡♥✱ t❤❡ ❦❡② ♣♦✐♥t t♦ r❡❝♦✈❡r ❛♥ ♦♣t✐♠❛❧ st❡♣
❧❡♥❣t❤ ♦✈❡r t❤✐s ❝♦♥t✐♥✉❛t✐♦♥ st❡♣ ✐s t♦ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ❢♦r♠❡r ♣♦✇❡r s❡r✐❡s
t♦ ❛❝❝✉r❛t❡❧② r❡♣r❡s❡♥t t❤❡ ❝✉rr❡♥t ❜r❛♥❝❤✳ ❙♦ t❤❡ ❡♥❤❛♥❝❡❞ ♣♦✇❡r s❡r✐❡s
r❡♣r❡s❡♥t❛t✐♦♥ r❡❛❞s ✿
U(a) = U0 + a Uˆ1 + a
2 Uˆ2 + · · ·+ a
n−1 Uˆn−1 ✭✷✹✮
✇❤✐❝❤ r❡s✉❧ts ❢r♦♠ ❛♥ ❛❞❞✐t✐✈❡ s✐♥❣✉❧❛r✐t② ❡①tr❛❝t✐♦♥ ♦❢ ✭✷✮ ✐♥ t❤❡ s❛♠❡ ✇❛②
❛s ❢♦r♠❡r❧② ♣r♦♣♦s❡❞ ✐♥ ❬✷✺❪✳
✶✵
✸✳✸ ❈♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✈❡❝t♦r ❛t ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts
❖♥❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ❡♥❤❛♥❝❡❞ ♣♦✇❡r s❡r✐❡s ✭✷✹✮✱ ♦♥❡ ❝❛♥ ❛❝❝✉r❛t❡❧②
❧♦❝❛t❡ t❤❡ ♥❡❛r❡st s✐♥❣✉❧❛r✐t②✱ ✐✳❡✳✱ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❛♥❞ ❝♦♠♣✉t❡
❜♦t❤ t❤❡ s♦❧✉t✐♦♥ ✈❡❝t♦r ❛♥❞ ✐ts t✇♦ t❛♥❣❡♥t ✈❡❝t♦rs ❛t t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳
❘❡❝❛❧❧✐♥❣ t❤❛t ✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣♦✇❡r s❡r✐❡s✱
✇❤✐❝❤ ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡ ✐s t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❝♦♠♠♦♥ r❛t✐♦ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝
♣r♦❣r❡ss✐♦♥✱ t❤❡ s♦❧✉t✐♦♥ ✈❡❝t♦r ❛t ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✐s t❤❡r❡❢♦r❡ ❝♦♠♣✉t❡❞
❜② ✐♥s❡rt✐♥❣ a = α ✐♥ ✭✷✹✮ ✿
Uc = U(a = α) = U0 + α Uˆ1 + α
2 Uˆ2 + · · ·+ α
n−1 Uˆn−1 ✭✷✺✮
❋✉rt❤❡r♠♦r❡✱ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r t♦ t❤❡ ❝✉rr❡♥t ❜r❛♥❝❤ ✐s ❝♦♠♣✉t❡❞ ❛t t❤❡
❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❛s ❢♦❧❧♦✇s ✿
Ut1 =
∂U
∂a
(a = α) = Uˆ1 + 2α Uˆ2 + · · ·+ (n− 1)α
n−2 Uˆn−1 ✭✷✻✮
❋✐♥❛❧❧②✱ t❤❡ t❛♥❣❡♥t ✈❡❝t♦r t♦ t❤❡ ♦t❤❡r ❜r❛♥❝❤ Ut2 ✐s ❡❛s✐❧② ❛♥❞ ❝❤❡❛♣❧② ❝♦♠✲
♣✉t❡❞ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❦♥♦✇♥ ✈❡❝t♦rs Ut1 ❛♥❞ U
⊥
t1 ✱ ♠❡❛♥✇❤✐❧❡
s❛t✐s❢②✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ ❜✐❢✉r❝❛t✐♦♥ ❡q✉❛t✐♦♥ ✭✹✲❜✮✳
Ut2 = β Ut1 + γ U
⊥
t1
ψTRc,UUUt2Ut2 = 0
✭✷✼✮
❆s ❢❛r ❛s t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❛♥❞ t❤❡ t✇♦ t❛♥❣❡♥t ✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ t♦
t❤❡ ❝r♦ss✐♥❣ ❜r❛♥❝❤❡s ❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡❞✱ ❜r❛♥❝❤ s✇✐t❝❤✐♥❣ ❝❛♥ ❜❡
♣❡r❢♦r♠❡❞ ❛t ✇✐s❤ ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ ❝♦♥t✐♥✉❛t✐♦♥✳
✹ ❆♣♣❧✐❝❛t✐♦♥ ❡①❛♠♣❧❡s
❋♦r ✐❧❧✉str❛t✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠✱ ✇❡ ✜rst ❝♦♥✲
s✐❞❡r t❤❡ ❜✉❝❦❧✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❛♥ ✐♥❡①t❡♥s✐❜❧❡ ❡❧❛st✐❝ ❜❡❛♠✳ ■t ✐s ❛ s♠❛❧❧ s✐③❡
❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ❝♦♠✐♥❣ ❢r♦♠ s♦❧✐❞ ♠❡❝❤❛♥✐❝s✱ ✇❤✐❝❤ ♣r❡s❡♥ts ❛♥ ❡❧❛❜♦r❛t❡
❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ✇✐t❤ ♠❛♥② ✐♥t❡r❝♦♥♥❡❝t❡❞ ❜r❛♥❝❤❡s ♦❢ s♦❧✉t✐♦♥s✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❤❛s ❛❧s♦ ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❛ ❤✐❣❤ ♣❡r✲
❢♦r♠❛♥❝❡ ❢r❛♠❡✇♦r❦ ❬✷✶❪ t♦ ❞❡❛❧ ✇✐t❤ ❧❛r❣❡ s✐③❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠s s✉❝❤ t❤♦s❡
t❤❛t ❛r✐s❡ ✐♥ ♠❛♥② ✢✉✐❞ ♠❡❝❤❛♥✐❝s ♦r ❝♦✉♣❧❡❞ ✢✉✐❞ ✢♦✇ ❛♥❞ ❤❡❛t tr❛♥s❢❡r
♣r♦❜❧❡♠s✳ ❲❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ s❡✈❡r❛❧ ✈❛❧✐❞❛t✐♦♥ t❡sts ❛♥❞ ♣r❡s❡♥t ❜❡❧♦✇ t❤❡
❛❧❣♦r✐t❤♠ ❛❝❝✉r❛❝② ❛♥❞ ❡✣❝✐❡♥❝② ❢♦r ❛♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ ✢♦✇ ♣r♦❜❧❡♠
✐♥ ❛ s②♠♠❡tr✐❝ s✉❞❞❡♥ ❡①♣❛♥s✐♦♥✳
✹✳✶ ❇✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ♦❢ ❛♥ ❡❧❛st✐❝❛ ❜❡❛♠
❲❡ ❝♦♥s✐❞❡r t❤❡ ❛①✐❛❧ ❝♦♠♣r❡ss✐♦♥ ♦❢ ❛♥ ✐♥❡①t❡♥s✐❜❧❡ ❡❧❛st✐❝ ❜❡❛♠✱ ♦❢t❡♥
r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❊✉❧❡r ❜❡❛♠ ♦r ❊❧❛st✐❝❛✱ ❢♦r ✇❤✐❝❤ ✇❡ ❛❞♦♣t ❝❧❛♠♣❡❞✲
❝❧❛♠♣❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ▲❡t s ∈ [0, 1] ❜❡ t❤❡ ♥♦♥❞✐♠❡♥s✐♦♥❛❧ ❝✉r✈✐✲
❧✐♥❡❛r ❝♦♦r❞✐♥❛t❡✱ (x(s), y(s)) t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❜❡❛♠ ❝❡♥t❡r❧✐♥❡✱ θ(s) t❤❡
✶✶
r♦t❛t✐♦♥ ♦❢ t❤❡ ❝r♦ss✲s❡❝t✐♦♥ ❛♥❞ m(s) t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ✭❛❧❧ ♥♦♥❞✐♠❡♥✲
t✐♦♥❛❧✮✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ❜❡❛♠ ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❖❉❊ s②st❡♠ ✿
x′ = cos(θ)
y′ = sin(θ)
θ′ = m
m′ = −4pi2(P sin(θ) + T cos(θ))
✭✷✽✮
✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s x(0) = 0✱ y(0) = 0✱ θ(0) = 0✱ m(0) = 2piC
✭❛t ❧❡❢t✮ ❛♥❞ y(1) = 0✱ θ(1) = 0 ✭❛t r✐❣❤t✮✳ ❚❤❡ ❛①✐❛❧ ❛♣♣❧✐❡❞ ❢♦r❝❡ P ✐s
❤❡r❡ t❤❡ ❝♦♥tr♦❧ ♣❛r❛♠❡t❡r✱ T ❛♥❞ C ❛r❡ t❤❡ ❧❛t❡r❛❧ ❛♥❞ t♦rq✉❡ r❡❛❝t✐♦♥s ❛t
t❤❡ ❜♦✉♥❞❛r②✳ ❚❤✐s ❖❉❊ s②st❡♠ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ ✭✷✼✻
❞✳♦✳❢✮ ❜② ❛♣♣❧②✐♥❣ ❛♥ ♦rt❤♦❣♦♥❛❧ ❝♦❧❧♦❝❛t✐♦♥ ♠❡t❤♦❞ ✇✐t❤ ❝✉❜✐❝ ♣♦❧②♥♦♠✐❛❧
✐♥t❡r♣♦❧❛t✐♦♥ ❬✶✹❪✳ ❚❤❡ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ✐s ♠❛❞❡ ♦❢ ❛ tr✐✈✐❛❧ ❝♦♠♣r❡ss✐✈❡
s♦❧✉t✐♦♥ ✭x = s✱ y = 0✱ θ = 0✱ m = 0✮ ❢r♦♠ ✇❤✐❝❤ ❜✐❢✉r❝❛t❡❞ ❜r❛♥❝❤❡s
❡♠❛♥❛t❡ ❛t ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts P = {1 ; 2.04 ; 4 ; ...}✳ ❆❞❞✐t✐♦♥❛❧ ❜r❛♥❝❤❡s ♦❢
s♦❧✉t✐♦♥s ✐♥t❡r❝♦♥♥❡❝t t❤❡s❡ ❜✐❢✉r❝❛t❡❞ ❜r❛♥❝❤❡s ❛t ✧s❡❝♦♥❞❛r②✧ ❜✐❢✉r❝❛t✐♦♥
♣♦✐♥ts✳
✹✳✶✳✶ ❉❡t❛✐❧❧❡❞ ❛♥❛❧②s✐s ♦❢ ❝♦♥t✐♥✉❛t✐♦♥ ❛♥❞ ❜✐❢✉r❝❛t✐♦♥ ❞❡t❡❝t✐♦♥
❙t❛rt✐♥❣ ❢r♦♠ ❛ ❦♥♦✇♥ ♣♦✐♥t Us0 ♦♥ t❤❡ ✜rst ❜✐❢✉r❝❛t❡❞ ❜r❛♥❝❤✱ ✇❡ ♣❡r✲
❢♦r♠ ✹ st❡♣s ♦❢ ❆◆▼ ❝♦♥t✐♥✉❛t✐♦♥ ✇✐t❤ ❛ tr♦♥❝❛t✉r❡ ♦r❞❡r ♦❢ 20 ❛♥❞ ❛
✉s❡r✲r❡q✉✐r❡❞ ♣r❡❝✐s✐♦♥ εR = 10
−7✳ ❚✇♦ ❣❡♦♠❡tr✐❝❛❧ s❡r✐❡s ❛r❡ ❞❡t❡❝t❡❞ ❜②
t❤❡ t❡st ✭✷✶✮ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts ❛r❡ ♠❛r❦❡❞ ✇✐t❤ ❝✐r❝❧❡s ♦♥
t❤❡ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ r❡♣♦rt❡❞ ✐♥ ✜❣✉r❡ ✷✳ ❚❤❡ ❜✐❢✉r❝❛t✐♦♥ ✭■✮ ❞❡t❡❝t❡❞ ❛t
t❤❡ ✜rst ❝♦♥t✐♥✉❛t✐♦♥ st❡♣ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ✜rst ❜✉❦❧✐♥❣
❜r❛♥❝❤ ✇✐t❤ t❤❡ tr✐✈✐❛❧ ❝♦♠♣r❡ss✐✈❡ s♦❧✉t✐♦♥✳ ❚❤❡ ✐♠♣❡r❢❡❝t✐♦♥ ❛♠♣❧✐t✉❞❡ µ0
✐s ❤❡r❡ ✈❡r② s♠❛❧❧ ✭µ0 = 2.1423 10
−15✮ ❜❡❝❛✉s❡ t❤❡ st❛rt ♣♦✐♥t Us0 ✐s ✈❡r②
❛❝❝✉r❛t❡ ✭R(Us0) = 1.4615 10
−12 ❛♥❞ µ11 = −0.0698✮✳ ❊✈❡♥ t❤♦✉❣❤✱ s✐♥❝❡
t❤❡ r❛t✐♦ rd ✐s ❧❛r❣❡ ✭❛❜♦✉t 17 ✐♥ t❤❛t ❝❛s❡✮ t❤❡ ❣❡♦♠❡tr✐❝❛❧ s❡r✐❡s ❡♥❞ ✉♣ ✐♠✲
♣♦s✐♥❣ ✐ts❡❧❢ ❛t ♦r❞❡rs ❤✐❣❤❡r t❤❛♥ 13✳ ❚❤❡ ❡♥❞ ♣♦✐♥t ♦❢ t❤❡ ✜rst st❡♣ Us1 ✐s
❝♦♠♣✉t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ✭✷✹✮ t♦ r❡❝♦✈❡r ❛♥ ♦♣t✐♠❛❧ st❡♣ ❧❡♥❣t❤✳ ❚❤❡ ♦r✐❣✐♥❛❧
s❡r✐❡s ✭✷✮ ✇♦✉❧❞ ❤❛✈❡ ❞❡❧✐✈❡r ❛ ♠✉❝❤ s❤♦rt❡r st❡♣ ❧❡♥❣t❤ ❛s ✐t ✐s r❡♣♦rt❡❞ ✐♥
✜❣✉r❡ ✷✳ ❲❡ ♥♦t❡ ✐♥ ♣❛ss✐♥❣ t❤❛t t❤✐s ❡①❡♠♣❧❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✐♥ ❬✷✵❪
✇❤❡r❡ t❤❡ ❛✉t❤♦r s❛②s t❤❛t ❛ ❥✉❞✐❝✐♦✉s r❡✲♦r❞❡r✐♥❣ ♦❢ t❤❡ s❡r✐❡s t❡r♠s ❧❡❛❞s
t♦ s✉♣r✐s✐♥❣ ✐♠♣r♦✈❡♠❡♥ts✳
❋♦r t❤❡ s❡❝♦♥❞ ❝♦♥t✐♥✉❛t✐♦♥ st❡♣✱ ✐❡✱ ✇✐t❤ t❤❡ s❡r✐❡s ✐ss✉❡❞ ❢r♦♠ Us1✱ ♥♦
❣❡♦♠❡tr✐❝❛❧ s❡r✐❡ ✇❛s ❞❡t❡❝t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❜✐❢✉r❝❛t✐♦♥
♣♦✐♥t ✭■■✮ ✐s ❧♦❝❛t❡❞ ✐♥s✐❞❡ t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡ r❡❛s♦♥ ✐♥ t❤❡
♣r❡s❡♥t ❝❛s❡ ✐s t❤❛t t❤❡ r❛t✐♦ rd ✐s ♥♦t ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t t❤❡ t❡r♠ (
r
d)
p
❝♦♠♣❡♥s❛t❡s ❛ s♦ t✐♥② µ0 ✈❛❧✉❡✳ ■♥ ♦t❤❡r ✇♦r❞s t❤❡ s✐♥❣✉❧❛r✐t② ❜r♦✉❣❤t ❜②
t❤❡ ❜✐❢✉r❝❛t✐♦♥ ✭■■✮ ✐s ❛❝t✉❛❧❧② t❤❡ ♥❡❛r❡st ♦♥❡ ❜✉t ❛s ✐ts ❛♠♣❧✐t✉❞❡ ✐s s♠❛❧❧
❛♥❞ t❤❡ ♦t❤❡r s✐♥❣✉❧❛r✐t✐❡s ❛r❡ ♥♦t s♦ ❢❛r t❤❡ ❣❡♦♠❡tr✐❝❛❧ s❡r✐❡s ❞♦❡s ♥♦t
s✉❝❝❡❡❞ t♦ ✐♠♣♦s❡ ✐ts❡❧❢✳ ❍❡♥❝❡✱ ❛ st❛♥❞❛r❞ ❆◆▼ st❡♣ ✐s ♣❡r❢♦r♠❡❞ ❢r♦♠
✶✷
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x
❋✐❣✉r❡ ✷ ✕ ❇✉❝❦❧✐♥❣ ❛♥❛❧②s✐s ♦❢ ❛♥ ❡❧❛st✐❝❛ ❜❡❛♠✳ ❇✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ❛❢t❡r
✹ ❝♦♥t✐♥✉❛t✐♦♥ st❡♣s ✭t♦♣✮ ❀ ❞❡❢♦r♠❡❞ ❜❡❛♠ s❤❛♣❡s ❛t ♣♦✐♥ts Usi ✭0 ≤ i ≤ 4✱
❜♦tt♦♠✮✳
Us1 t♦ Us2✳ ❚❤✐s ❝♦✉❧❞ ❜❡ s♦♠❡❤♦✇ ❞✐s❛♣♣♦✐♥t✐♥❣ ❜❡❝❛✉s❡ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ✐s
♥♦t ❞❡t❡❝t❡❞✱ ❜✉t ❛s Us2 ✐s ❝❧♦s❡ t♦ t❤❡ ❜✐❢✉r❝❛t✐♦♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇✐❧❧ ❤❛♣♣❡♥
❛t t❤❡ ♥❡①t st❡♣✳ ■♥❞❡❡❞✱ ❛t t❤❡ t❤✐r❞ st❡♣ ♦❢ ❝♦♥t✐♥✉❛t✐♦♥ ✭✇✐t❤ t❤❡ s❡r✐❡s
❝♦♠♣✉t❡❞ ❢r♦♠ Us2✮ ♦♥❡ ❣❡ts ✿ R(Us2) = 1.678 10
−7✱ µ0 = 9.5174 10
−14✱
µ11 = −3.8277 10
−4✱ rd = 15.873 ✐s ❧❛r❣❡ ❡♥♦✉❣❤ s♦ ❛ ❣❡♦♠❡tr✐❝❛❧ s❡r✐❡s
❝♦rr❡♣♦♥❞✐♥❣ t♦ ✭■■✮ ✐s ❡❛s✐❧② ❞❡t❡❝t❡❞✳
■♥ s✉♠♠❛r② t❤❡ s❝❡♥❛r✐♦ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ❡①❛♠♣❧❡ ❜r✐♥❣ t♦ t❤❡ ❢♦r❡
t✇♦ ✐♠♣♦rt❛♥t ❛❧❣♦r✐t❤♠ ❢❡❛t✉r❡s ✿ ✭✐✮ t❤❡ ❝❧♦s❡r t❤❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❢r♦♠
t❤❡ st❛rt✐♥❣ ♦♥❡✱ t❤❡ ❡❛s✐❡r ✐t ✐s ❞❡t❡❝t❡❞ ❀ ✭✐✐✮ ❡♥❞ ♦❢ st❡♣ ♣♦✐♥ts ❝♦♠♣✉t❡❞
❜② st❛♥❞❛r❞ ❆◆▼ ❝♦♥t✐♥✉❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❛r❡ ❣❡♥❡r❛❧❧② ❝❧♦s❡ t♦ ❜✐❢✉r❝❛t✐♦♥
♣♦✐♥ts ❬✹❪✳
✹✳✶✳✷ P❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ♦♥ ✐♥tr✐❝❛t❡ ❜✐❢✉r✲
❝❛t✐♦♥ ❞✐❛❣r❛♠s
❚❤❡ ❜✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠s ♣r❡s❡♥t❡❞ ✐♥ ✜❣✉r❡s ✭✷✮ ❛♥❞ ✭✸✮ ❤❛✈❡ ❜❡❡♥ ♦❜✲
t❛✐♥❡❞ ✇✐t❤ t❤❡ ▼❆◆▲❆❇ ✐♥t❡r❛❝t✐✈❡ ♣❛❝❦❛❣❡ ❬✶✾❪✱ ✇❤✐❝❤ s✉♣♣♦rts t❤❡ ♣r♦✲
♣♦s❡❞ ❆◆▼ ❝♦♥t✐♥✉❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❜✐❢✉r❝❛t✐♦♥ ❞❡t❡❝t✐♦♥ ❛♥❞ ❜r❛♥❝❤
s✇✐t❝❤✐♥❣✳ ❆❧♦♥❣ t❤❡ ✻✺ ❆◆▼ ❝♦♥t✐♥✉❛t✐♦♥ st❡♣s t❤❡ ♣r♦♣♦s❡❞ ❝r✐t❡r✐♦♥ ✭✷✶✮
❤❛s ❞❡t❡❝t❡❞ ✶✷ ❣❡♦♠❡tr✐❝❛❧ s❡r✐❡s✱ ❢r♦♠ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ❣❡t ❛❝❝✉r❛t❡ ❜✐❢✉r✲
❝❛t✐♦♥ ❧♦❝❛t✐♦♥s ❛♥❞ ❜✐❢✉r❝❛t✐♥❣ t❛♥❣❡♥ts ✇✐t❤ ♥♦ ❛❞❞✐t✐♦♥❛❧ ❝♦st✳ ❖♥❧② ✻✺
❥❛❝♦❜✐❛♥ ♠❛tr✐① ❢❛❝t♦r✐③❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ t♦ ❣❡t t❤❡ ❜✐❢✉r❝❛t✐♦♥
✶✸
❞✐❛❣r❛♠ ♣❧♦tt❡❞ ✐♥ ✜❣✉r❡ ✭✸✮✱ ❛ ♣❡r❢♦r♠❛♥❝❡ t❤❛t ❝♦✉❧❞ ♥♦t ❜❡ ❛❝❤✐❡✈❡❞ ♥❡✐✲
t❤❡r ✇✐t❤ ❝❧❛ss✐❝❛❧ ♣r❡❞✐❝t♦r✲❝♦rr❡❝t♦r ❝♦♥t✐♥✉❛t✐♦♥ ❛❧❣♦r✐t❤♠s ♥♦r ♣r❡✈✐♦✉s
❆◆▼ ❝♦♥t✐♥✉❛t✐♦♥ ♦♥❡s✳
❋✐❣✉r❡ ✸ ✕ ❇✐❢✉r❝❛t✐♦♥ ❞✐❛❣r❛♠ ❢♦r t❤❡ ✜rst t✇♦ ❜✉❝❦❧✐♥❣ ❜r❛♥❝❤❡s ✭❧❡❢t✮✳
❚❤❡ ❝❧♦s❡ ❧♦♦♣ t❤❛t ❝♦♥♥❡❝ts t❤❡s❡ t✇♦ ❜r❛♥❝❤❡s ❛t ❢♦✉r ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts
❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ s❡♣❛r❛t❡❧② ❢♦r ❝❧❛r✐t② ♦❢ t❤❡ ✜❣✉r❡ ✭r✐❣❤t✮✳
✹✳✷ ❚✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ ✢♦✇ ✐♥ ❛ s②♠♠❡t✲
r✐❝ s✉❞❞❡♥ ❡①♣❛♥s✐♦♥
❲❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ st❡❛❞② st❛t❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞ ✢♦✇s ✐♥
❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❤❛♥♥❡❧ ✇✐t❤ ❛ s②♠♠❡tr✐❝ s✉❞❞❡♥ ❡①♣❛♥s✐♦♥✱ s❡❡ ✜❣✉r❡ ✹✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❤❛s ❛♥ ❡♥tr❛♥❝❡ ❝❤❛♥♥❡❧ ❧❡♥❣t❤ ♦❢ 2h ✭AB =
GH✮✱ ❛ s②♠♠❡tr✐❝ ❡①♣❛♥s✐♦♥ ❛s♣❡❝t r❛t✐♦ ♦❢ ✷ ✭DE = 2AH✮ ❛♥❞ ❛ ❞❡✈❡❧♦♣✲
✐♥❣ ❝❤❛♥♥❡❧ t❤❛t ❡①t❡♥❞s ♦♥ 50h ✭CD = EF ✮✳ ❚❤❡ ✢♦✇ ❡♥t❡rs t❤❡ ❝♦♠♣✉t❛✲
t✐♦♥❛❧ ❞♦♠❛✐♥ ✇✐t❤ ❛ P♦✐s❡✉✐❧❧❡ ✈❡❧♦❝✐t② ♣r♦✜❧❡ ✭u(−2h, z) = U(1− 4z2/h2)
❛♥❞ w(−2h, z) = 0 ❀ −h/2 ≤ z ≤ h/2✮✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛t t❤❡ ♦✉t❧❡t
✭DE✮ ✐s s❡t t♦ ❤♦♠♦❣❡♥❡♦✉s ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥ ✭str❡ss ❢r❡❡✮✱ ❛♥❞ ♥♦ s❧✐♣
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s ✐♠♣♦s❡❞ ❛t ❛❧❧ s♦❧✐❞ ✇❛❧❧s✳ ❚❤✐s ✢♦✇ ❝♦♥✜❣✉r❛t✐♦♥ ❤❛s
A B
C D
EF
GH
h 2h
2h 50h
❋✐❣✉r❡ ✹ ✕ ❙❦❡t❝❤ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s②♠♠❡tr✐❝ s✉❞❞❡♥ ❡①♣❛♥s✐♦♥
❝❤❛♥♥❡❧ ✢♦✇✳
❜❡❡♥ ✉♥❞❡rt❛❦❡♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✇✐t❤ ❜♦t❤ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♣✲
♣r♦❛❝❤❡s ❛♥❞ ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ❝r✐t✐❝❛❧ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❛t ✇❤✐❝❤ s②♠♠❡tr②
✶✹
❜r❡❛❦✐♥❣ ♦❝❝✉rs ❤❛✈❡ ❜❡❡♥ ♣✉❜❧✐s❤❡❞✳ ❙❡✈❡r❛❧ ♦❢ t❤❡♠ ❤❛✈❡ ❜❡❡♥ ❣❛t❤❡r❡❞ ✐♥
❬✶✼❪ ❢♦r ❝♦♠♣❛r✐s♦♥ ♣✉r♣♦s❡✱ s♦ t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐s ❤❡r❡ ❛❣❛✐♥ ❞❡✜♥❡❞
❛s Re = Uh/ν ✭ν ✐s t❤❡ ✢✉✐❞ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t②✮✳
❚❤❡ ♣r❡s❡♥t ❝♦♥t✐♥✉❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❤❛s ❜❡❡♥ r✉♥ ♦♥ t❤✐s ♣r♦❜❧❡♠ ✇✐t❤
❢♦✉r s✉❝❝❡ss✐✈❡❧② r❡✜♥❡❞ ♠❡s❤❡s✱ ✉♥✐❢♦r♠❧② s♣❛❝❡❞ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✱ ❛s ✐♥✲
❞✐❝❛t❡❞ ✐♥ t❛❜❧❡ ✷✳ ■♥❞❡❡❞✱ t❤❡ st❛♥❞❛r❞ ●❛❧❡r❦✐♥ ✜♥✐t❡ ❡❧❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥
✉s❡❞ t♦ ❞✐s❝r❡t✐③❡ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥ ❬✷✶❪ ❝❛♥ ❛❝❤✐❡✈❡
❛❝❝✉r❛t❡ ✢✉✐❞ ✢♦✇ ❝♦♠♣✉t❛t✐♦♥s ♣r♦✈✐❞❡❞ t❤❡ ❧♦❝❛❧ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❞♦❡s
♥♦t ❡①❝❡❡❞ ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ✭Rel ≤ 2Coefp✱ Rel =
√
(u∆x)2 + (w∆z)2/ν
❛♥❞ Coefp ✐s ❛ ❝♦❡✣❝✐❡♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡❣r❡❡ ❛♥❞
t❤❡ ♣r♦❜❧❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✜♥❡r t❤❡ ♠❡s❤✱ t❤❡ ❤✐❣❤❡r
t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛❝❝✉r❛❝② ✉♣ t♦ ❛ st❛❜✐❧✐t② ❘❡②♥♦❧❞s ♥✉♠❜❡r ❧✐♠✐t ❞❡✜♥❡❞
❛s Remax = 2Coefp h/
√
(∆x)2 + (∆z)2✳ ❚❛❜❧❡ ✷ ♣r❡s❡♥ts ❢♦r ❡❛❝❤ ♠❡s❤
t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✭Ndof ✮✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛t✐❛❧ r❡s♦❧✉✲
t✐♦♥ ✭∆x✱ ∆z✮ ❛♥❞ ✜♥❛❧❧② t❤❡ t❤❡♦r❡t✐❝❛❧ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❧✐♠✐t ✭Remax✮
❜❡②♦♥❞ ✇❤✐❝❤ s♣✉r✐♦✉s ♦s❝✐❧❧❛t✐♦♥ ❝♦✉❧❞ ❛♣♣❡❛r ✇✐t❤♦✉t ❛♥② st❛❜✐❧✐③❛t✐♦♥
✭Coefp = 16✮✳ ❚❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❢r♦♠ Re = 0 ✉♣ t♦
Remax ❢♦r t❤❡ ❢♦✉r ♠❡s❤❡s ❝♦♥s✐❞❡r❡❞✱ t❛❦✐♥❣ ❛♥ ♦r❞❡r ♦❢ tr♦♥❝❛t✉r❡ ♦❢ t❤❡
♣♦✇❡r s❡r✐❡s ✉♣ t♦ 30 ❛♥❞ ♥✉♠❡r✐❝❛❧ ♣❛r❛♠❡t❡rs δ = 10−9✱ εgp1 = 10
−3 ❛♥❞
εgp2 = 10
−6✳ ❋✉rt❤❡r♠♦r❡✱ ❛ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ❝♦rr❡❝t✐♦♥ ❤❛s ❜❡❡♥ ♣❡r❢♦r♠❡❞
s✉❜s❡q✉❡♥t❧② t♦ ❛♥② ❆◆▼ ♣r❡❞✐❝t♦r st❡♣ ✇❤♦s❡ r❡s✐❞✉❛❧ L2 ♥♦r♠ ❡①❝❡❡❞❡❞
εR = 10
−6✳
▼❡s❤ ★ ▼✶ ▼✷ ▼✸ ▼✹
Ndof 106 242 421 378 1 678 338 6 699 010
∆x✱ ∆z h/8✱ h/16 h/16✱ h/32 h/32✱ h/64 h/64✱ h/128
Remax ✹✺✽ ✾✶✻ ✶✽✸✷ ✸✻✻✹
❚❛❜❧❡ ✷ ✕ ▼❡s❤❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ✷❉ ✢✉✐❞ ✢♦✇ ✐♥ ❛
s②♠♠❡tr✐❝ s✉❞❞❡♥ ❡①♣❛♥s✐♦♥✳
▼❡❛♥✇❤✐❧❡ t❤❡ s②♠♠❡tr② ❜r❡❛❦✐♥❣ ♦❝❝✉rs t❤r♦✉❣❤♦✉t ❛ ♣✐t❝❤❢♦r❦ ❜✐❢✉r✲
❝❛t✐♦♥✱ ✐❢ ♦♥❡ ❦❡❡♣s ❣♦✐♥❣ ♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s②♠♠❡tr✐❝ ❜r❛♥❝❤ ❜❡②♦♥❞ t❤❡
✜rst ❜✐❢✉r❝❛t✐♦♥✱ ♦♥❡ ❝❛♥ ❡♥❝♦✉♥t❡r s✉❜s❡q✉❡♥t st❡❛❞② st❛t❡ ❜✐❢✉r❝❛t✐♦♥s✳ ❲❡
❤❛✈❡ r❡♣♦rt❡❞ t❤❡✐r ✈❛❧✉❡s ✐♥ t❛❜❧❡ ✸ ❢♦r ❡❛❝❤ ♠❡s❤✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♥✉♠❜❡r
♦❢ ❝♦♥t✐♥✉❛t✐♦♥ st❡♣ ❛t ✇❤✐❝❤ t❤❡② ❤❛✈❡ ❜❡❡♥ ❝♦♠♣✉t❡❞✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ❛❧s♦
r❡♣♦rt❡❞ ✐♥ t❛❜❧❡ ✸ t❤❡ ❜✐❢✉r❝❛t✐♦♥ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ✐♥ ❬✶✼❪✱ ✇❤❡♥❡✈❡r t❤❡r❡
✇❡r❡ ♦❜t❛✐♥❡❞ ♦♥ ❛ ♠✉❝❤ ❝♦❛rs❡r ♠❡s❤ ✭Ndof = 5542✮ t❤❛♥ t❤♦s❡ ❝♦♥s✐❞❡r❡❞
✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✳ ❆ ✈❡r② s❛t✐s❢❛❝t♦r② ❛❣r❡❡♠❡♥t ✐s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ✜rst
❛♥❞ s❡❝♦♥❞ ❜✐❢✉r❝❛t✐♦♥ ✈❛❧✉❡s✱ ❜✉t ❛ ❧❛r❣❡r ❞✐✛❡r❡♥❝❡ ❛♣♣❡❛rs ❢♦r t❤❡ t❤✐r❞
♦♥❡✳ ❚❤❡ r❡❛s♦♥ ♦❢ t❤✐s ❞✐s❝r❡♣❛♥❝② ❛t ❧❛r❣❡ ❘❡②♥♦❧❞s ♥✉♠❜❡rs ✐s ❧✐❦❡❧② ❞✉❡
t♦ t❤❡ ❝♦❛rs❡ ♠❡s❤ ✉s❡❞ ✐♥ ❬✶✼❪✱ ✇❤✐❝❤ s❤♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ♦♣❡r❛t❡❞ ❜❡②♦♥❞ ✐ts
❛❝❝✉r❛❝② ❧✐♠✐t ❛t t❤❡s❡ r❡❧❛t✐✈❡❧② ❧❛r❣❡ ✢♦✇ ♠❛❣♥✐t✉❞❡s✳
❯♣ t♦ ♦✉r ❜❡st ❦♥♦✇❧❡❞❣❡✱ ♦♥❧② t❤❡ ✜rst t❤r❡❡ ❜✐❢✉r❝❛t✐♦♥s ❤❛✈❡ ❡✈❡r
✶✺
❇✐❢★ ✶ ✷ ✸ ✹ ✺ ✻
▼✶ ✷✶✺✳✵✶ ✭✻✮ ✺✸✽✳✹✾ ✭✾✮ ✲ ✲ ✲ ✲
▼✷ ✷✶✺✳✹✼ ✭✻✮ ✺✸✼✳✺✼ ✭✾✮ ✾✻✻✳✵✻ ✭✶✶✮ ✲ ✲ ✲
▼✸ ✷✶✺✳✼✸ ✭✻✮ ✺✸✻✳✽✶ ✭✾✮ ✾✻✼✳✶✾ ✭✶✶✮ ✶✹✹✼✳✶✻ ✭✶✸✮ ✶✾✽✽✳✼✶ ✭✶✻✮ ✲
▼✹ ✷✶✻✳✻✼ ✭✻✮ ✺✸✻✳✵✻ ✭✾✮ ✾✻✼✳✾✻ ✭✶✶✮ ✶✹✹✷✳✶✸ ✭✶✸✮ ✶✾✽✸✳✾✷ ✭✶✻✮ ✷✹✷✵✳✸✸ ✭✷✻✮
❬✶✼❪ ✷✶✺✳✻✸ ✺✸✼✳✹✵ ✾✹✻✳✹✼ ✲ ✲ ✲
❚❛❜❧❡ ✸ ✕ ❈♦♠♣✉t❡❞ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts ❢♦r t❤❡ ✷❉ ✢✉✐❞ ✢♦✇ ✐♥ ❛ s②♠♠❡tr✐❝
s✉❞❞❡♥ ❡①♣❛♥s✐♦♥ ❢♦r t❤❡ ❢♦✉r ♠❡s❤❡s ❝♦♥s✐❞❡r❡❞✳
❜❡❡♥ r❡♣♦rt❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✶✼❪✳ ❍♦✇❡✈❡r ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ s✐① st❡❛❞②
st❛t❡ ❜✐❢✉r❝❛t✐♦♥s ♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❜r❛♥❝❤ ❢♦r ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥
t❤❛t ❡①t❡♥❞s ♦♥ 50h ❞♦✇♥str❡❛♠ t❤❡ s✉❞❞❡♥ ❡①♣❛♥s✐♦♥✳ ■♥ ♦r❞❡r t♦ ❝❤❛r❛❝✲
t❡r✐③❡ t❤❡♠✱ t❤❡ str❡❛♠❧✐♥❡s ❛♥❞ t❤❡ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r r❡❧❛t❡❞ t♦ ❡❛❝❤
❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❤❛✈❡ ❜❡❡♥ ♣❧♦tt❡❞ ✐♥ ✜❣✉r❡s ✺✲✽✳ ❖♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t
❛s t❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✐♥❝r❡❛s❡s✱ t❤❡ t✇♦ s②♠♠❡tr✐❝ r❡❝✐r❝✉❧❛t✐♦♥ ③♦♥❡s
str❡t❝❤ ❢✉rt❤❡r ❛♥❞ ❢✉rt❤❡r ✐♥ t❤❡ str❡❛♠✇✐s❡ ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡ ❧♦❝✉s ♦❢ t❤❡
♠❛①✐♠✉♥ ✇✲❝♦♠♣♦♥❡♥t ❡✐❣❡♥✈❡❝t♦r ✐s ❛❝❝♦r❞✐♥❣❧② r❡♣❡❛❧❡❞ ♠♦r❡ ❛♥❞ ♠♦r❡
❞♦✇♥str❡❛♠ ✐♥ t❤❡ ❝❤❛♥♥❡❧✳ ❚❤❡r❡❢♦r❡✱ ❜❛s❡❞ ♦♥ t❤❡ ♣r❡s❡♥t ❝♦♠♣✉t❛t✐♦♥s ✐t
❝❧❡❛r❧② ❛♣♣❡❛rs t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ s✉❜s❡q✉❡♥t ❜✐❢✉r❝❛t✐♦♥s ✐s ❝❧♦s❡❧② r❡❧❛t❡❞
t♦ t❤❡ ❝❤❛♥♥❡❧ ❧❡♥❣t❤✳ ▼♦r❡♦✈❡r✱ ❛t t❤❡ s✐①t❤ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t t❤❡ ♠♦st
✉♥st❛❜❧❡ ♠♦❞❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r s♣r❡❛❞s ❜❡②♦♥❞ t❤❡
❝♦♠♣✉t❛t✐♦♥ ❞♦♠❛✐♥ ♦✉t❧❡t ✭❧♦❝❛t❡❞ ❛t L = 50h✮✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r❡s❡♥t❧②
❝♦♠♣✉t❡❞ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✈❛❧✉❡ ❛t t❤✐s ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❝♦✉❧❞ ♥♦t ❜❡ t❛❦❡♥
❢♦r ❣r❛♥t❡❞ ✉♥❧❡ss ❛ ❧♦♥❣❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❞♦♠❛✐♥ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞✳
✺ ❈♦♥❝❧✉s✐♦♥
❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❜♦t❤ ❢♦r♠❛❧ ❛♥❛❧②s✐s ❛♥❞ ♥✉♠❡r✐❝❛❧ ❡✈✐❞❡♥❝❡ t❤❛t ❛
❣❡♦♠❡tr✐❝ ♣♦✇❡r s❡r✐❡s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ r❡s✐❞✉❛❧ ❡rr♦r ❛❧✇❛②s ❡♠❡r❣❡s ✐♥
❆◆▼ ♣♦✇❡r s❡r✐❡s ❝❧♦s❡ t♦ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts✳ ❚❤❡ ❞✐s❝♦✈❡r ♦❢ t❤✐s r❡✲
♠❛rq✉❛❜❧❡ ❢❡❛t✉r❡ ❡♥❛❜❧❡❞ ✉s t♦ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ ❆◆▼ ❢r❛♠❡✇♦r❦ ❛♥ ❡♥t✐r❡❧②
♥❡✇ ❛♥❞ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ t♦ ❞❡t❡❝t ❛♥❞ ❝♦♠♣✉t❡ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts✳
■♥❞❡❡❞✱ ❛s s♦♦♥ ❛s ❛ ❣❡♦♠❡tr✐❝❛❧ s❡r✐❡s ✐s ❞❡t❡❝t❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❆◆▼ ♣♦✇❡r
s❡r✐❡s✱ ✐t ❝❛♥ ❜❡ ❛❞✈❛♥t❛❣❡♦✉s❧② s✉❜str❛❝t❡❞ ❢r♦♠ ✐t t♦ ❛❝❝✉r❛t❡❧② ❧♦❝❛t❡ ❛♥❞
❝♦♠♣✉t❡ t❤❡ ♥❡✐❣❤❜♦r✐♥❣ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ t❛♥❣❡♥t
✈❡❝t♦rs ✇✐t❤ ♥♦ ❡①tr❛ ❝♦st✳ ▼♦r❡♦✈❡r✱ t❤❡ r❡s✉❧t✐♥❣ ❡♥❤❛♥❝❡❞ ♣♦✇❡r s❡r✐❡s r❡✲
❝♦✈❡rs ❛♥ ♦♣t✐♠❛❧ st❡♣ ❧❡♥❣t❤✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ s✐❣♥✐✜❝❛♥t ❝♦♠♣✉t❛t✐♦♥❛❧
❡✣❝✐❡♥❝② ✐♠♣r♦✈❡♠❡♥t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❆◆▼ ❛❧❣♦r✐t❤♠ t❤❛t
✐s ♦t❤❡r✇✐s❡ s❡✈❡r❡❧② ♣❡♥❛❧✐s❡❞ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts✳ ❇r❛♥❝❤
s✇✐t❝❤✐♥❣ ❤❛s ♥♦✇ ❜❡❝♦♠❡ ❡♥t✐r❡❧② r❡❧✐❛❜❧❡ ❛♥❞ ❡✣❝✐❡♥t s♦ t❤❡ ♦✈❡r❛❧❧ ❆◆▼
❝♦♥t✐♥✉❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❤❛s ❞❡✜♥✐t❡❧② ❜❡❝♦♠❡ ❤✐❣❤❧② ❝♦♠♣❡t✐t✐✈❡ ✐♥ ♠❛tr✐①
❢❛❝t♦r✐③❛t✐♦♥ ❝♦✉♥ts ❛s ✐t ❤❛s ❜❡❡♥ ❡①♣❡r✐❡♥❝❡❞ t❤r♦✉❣❤♦✉t ❛ ✇✐❞❡ r❛♥❣❡ ♦❢
✶✻
x/h-2 0 2 4 6 8 10
✭❛✮ ❙tr❡❛♠❧✐♥❡s✳
x/h-2 0 2 4 6 8 10
✭❜✮ ✉✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r✳
x/h-2 0 2 4 6 8 10
✭❝✮ ✈✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r✳
❋✐❣✉r❡ ✺ ✕ ❙tr❡❛♠❧✐♥❡s ❛♥❞ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r ❛t ✜rst ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳
x/h-2 0 2 4 6 8 10 12 14 16 18 20 22
✭❛✮ ❙tr❡❛♠❧✐♥❡s✳
x/h-2 0 2 4 6 8 10 12 14 16 18 20 22
✭❜✮ ✉✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r✳
x/h-2 0 2 4 6 8 10 12 14 16 18 20 22
✭❝✮ ✈✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r✳
❋✐❣✉r❡ ✻ ✕ ❙tr❡❛♠❧✐♥❡s ❛♥❞ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r ❛t s❡❝♦♥❞ ❜✐❢✉r❝❛t✐♦♥
♣♦✐♥t✳
✶✼
x/h-2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
✭❛✮ ❙tr❡❛♠❧✐♥❡s✳
x/h-2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
✭❜✮ ✉✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r✳
x/h-2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
✭❝✮ ✈✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r✳
❋✐❣✉r❡ ✼ ✕ ❙tr❡❛♠❧✐♥❡s ❛♥❞ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r ❛t t❤✐r❞ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t✳
✭❛✮ ✉✲✈ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r ❛t ❢♦rt❤ ❜✐❢✉r❛❝t✐♦♥ ♣♦✐♥t✳
✭❜✮ ✉✲✈ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r ❛t ✜❢t❤ ❜✐❢✉r❛❝t✐♦♥ ♣♦✐♥t✳
✭❝✮ ✉✲✈ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ r✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r ❛t s✐①t❤ ❜✐❢✉r❛❝t✐♦♥ ♣♦✐♥t✳
❋✐❣✉r❡ ✽ ✕ ❘✐❣❤t ♥✉❧❧ ❡✐❣❡♥✈❡❝t♦r ❛t ❢♦✉rt❤ ✭❛✮✱ ✜❢t❤ ✭❜✮ ❛♥❞ s✐①t❤ ✭❝✮
❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts✳
✶✽
❛♣♣❧✐❝❛t✐♦♥ ❡①❛♠♣❧❡s✳
■♥ ❝♦♥❝❧✉s✐♦♥ t❤✐s ✇♦r❦ ♣r♦✈✐❞❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡✈✐❞❡♥❝❡ t❤❛t ❤✐❣❤ ♦r❞❡r
♣❡rt✉r❜❛t✐♦♥ s❡r✐❡s ❝♦♥t❛✐♥ ✈❛❧✉❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✐t ❝❛♥ ❜❡ ✇♦rt❤ t♦
❡①tr❛❝t❡❞ t♦ r❡✈❡❛❧ t❤❡✐r ✉♥❞❡r❧②✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ♦r ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣✱ ❛s
✐t ✇❛s ❝❧❛✐♠❡❞ ❧♦♥❣ t✐♠❡ ❛❣♦ ❜② ❱❛♥ ❉②❦❡ ❬✷✺❪✳ ❲❤❛t❡✈❡r ✇❡ ✇❡r❡ ❛❧r❡❛❞②
❛❜❧❡ t♦ ✉s❡ t❤❡ r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦r ❛t ❧❡❛st t❤❡ r❛♥❣❡ ♦❢ ✉t✐❧✐t② ♦❢ t❤❡
♣♦✇❡r s❡r✐❡s t♦ ❣❡t ❛♥ ♦♣t✐♠❛❧ ❝♦♥t✐♥✉❛t✐♦♥ st❡♣ ❧❡♥❣t❤ ❬✶✷❪✱ ✇❡ ❛r❡ ♥♦✇ ❛❜❧❡
t♦ ❞❡t❡❝t t❤❡ ♥❡❛r❜② ♣r❡s❡♥❝❡ ♦❢ ❛ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥✳ ❯♥❞♦✉❜t❡❞❧② ♠❛♥②
r❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❆◆▼ s❡r✐❡s ❛♥❞ ✇❡ ❜❡❧✐❡✈❡ ✐t
✐s ✇♦rt❤ t♦ ❦❡❡♣ ❛ s✉st❛✐♥✐♥❣ r❡s❡❛r❝❤ ❡✛♦rt ✐♥ t❤❛t ❞✐r❡❝t✐♦♥✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢
❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥ts ✇✐t❤ ❤✐❣❤❡r ♠✉❧t✐♣❧✐❝✐t② ✐s t❤❡ ♥❡①t st❡♣ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞
❛s ❛ ♥❛t✉r❛❧ ♣r♦❧♦♥❣❛t✐♦♥ ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦✳
✻ ❆♣♣❡♥❞✐①
▼♦r❡ ❞❡t❛✐❧s ❛r❡ ❣✐✈❡♥ ✐♥ t❤✐s ❛♣♣❡♥❞✐① ♦♥ t❤❡ ❢♦r♠❛❧ ❞❡r✐✈❛t✐♦♥s ✐♥tr♦✲
❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷ t❤❛t ❧❡❛❞ t♦ t❤❡ ✜♥❛❧ ✐♠♣♦rt❛♥t ❡①♣r❡ss✐♦♥ ✭✶✻✮✳ ❋♦r s✐♠✲
♣❧✐❝✐t②✱ ♦♥❡ ❛ss✉♠❡s t❤❛t t❤❡ ✈❡❝t♦r ❡q✉❛t✐♦♥ ✭✶✮ ✐s ♣♦❧②♥♦♠✐❛❧ ❛♥❞ q✉❛❞r❛t✐❝
✐♥ U ✱ s♦ ✐t r❡❛❞s ✿
R(U) = L0 + L(U) +Q(U,U) = 0. ✭✷✾✮
✇❤❡r❡ L0 ✐s ❛ ❝♦♥st❛♥t ✈❡❝t♦r✱ L(.) ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r ❛♥❞ Q(., ∗) ❛ ❜✐❧✐♥❡❛r
♦♣❡r❛t♦r✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ♠❛♥❞❛t♦r② ❜✉t ✈❡r② ❝♦♥✈❡♥✐❡♥t s✐♥❝❡ ✐t
❡♥❛❜❧❡s ❛♥ ❡❛s② ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❚❛②❧♦r s❡r✐❡s ✇❤✐❝❤ ❛r❡ ❛t t❤❡ ❤❡❛rt ♦❢ t❤❡
❛♥❛❧②s✐s✳ ▼♦st s❝✐❡♥t✐✜❝ ♣r♦❜❧❡♠s ❛r❡ ♥♦t ♣♦❧②♥♦♠✐❛❧ ❛♥❞ q✉❛❞r❛t✐❝ ❛t ✜rst✱
❜✉t t❤❡② ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉♥❞❡r t❤❡ ❢♦r♠ ✭✷✾✮ ♣r♦✈✐❞❡❞ t❤❛t ❛❞❞✐t✐♦♥❛❧ st❛t❡
✈❛r✐❛❜❧❡s ❛♥❞ ❡q✉❛t✐♦♥s ❛r❡ ❛❞❞❡❞✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✷❪✳
❇r❛♥❝❤❡s ♦❢ s♦❧✉t✐♦♥ ❛t ❛ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✿ ✐♥tr♦❞✉❝✐♥❣
✭✺✮ ✐♥t♦ ✭✷✾✮ ❛♥❞ ❝♦❧❧❡❝t✐♥❣ t❡r♠s ✇✐t❤ t❤❡ s❛♠❡ ♣♦✇❡r ♦❢ a✱ ♦♥❡ ❣❡ts ✿
Rc,UU1 = 0
Rc,UU2 +Q(U1, U1) = 0
Rc,UU3 +Q(U1, U2) +Q(U2, U1) = 0
✳✳✳
Rc,UUp +
∑p−1
r=1Q(Ur, Up−r) = 0
✭✸✵✮
✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ U1 = Ut1 ✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ a✱ ✇❡ ❤❛✈❡
UTp .Ut1 = 0 ❢♦r p ≥ 2✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲②❛♣✉♥♦✈✲❙❝❤♠✐❞t ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s
❞♦♥❡ ❢♦r ❡❛❝❤ ✉♥❦♥♦✇♥ ✈❡❝t♦r Up ✇✐t❤ p ≥ 2✱
Up = αpUt1 + βpU
⊥
t1︸ ︷︷ ︸
∈N (Rc
,U
)
+ Vp︸ ︷︷ ︸
∈NT (Rc
,U
)=R(RC T
,U
)
✭✸✶✮
✶✾
✇❤❡r❡ U⊥t1 ∈ N (R
c
,U ) ❛♥❞ ✐s ♦rt❤♦❣♦♥❛❧ t♦ Ut1 ✳ ❋✐♥❛❧❧②✱ αp = 0✱ Vp ✐s t❤❡
✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢

R
c
,U ψ
UTt1 0
U⊥Tt1 0

[Vp
µp
]
=

−
∑p−1
r=1Q(Ur, Up−r)
0
0

 ❛♥❞
β2 = −
ψT {Q(Ut1 ,V2)+Q(V2,Ut1 )}
ψT {Q(Ut1 ,U
⊥
t1
)+Q(U⊥t1
,Ut1 )}
β3 = −
ψT {Q(Ut1 ,V3)+Q(V2,V2)+Q(V3,Ut1 )}
ψT {Q(Ut1 ,U
⊥
t1
)+Q(U⊥t1
,Ut1 )}
✳✳✳
βp = −
ψT {Q(Ut1 ,Vp)+
∑p−1
r=2 Q(Ur,Up+1−r)+Q(Vp,Ut1 )}
ψT {Q(Ut1 ,U
⊥
t1
)+Q(U⊥t1
,Ut1}
✭✸✷✮
P❡rt✉r❜❡❞ ❜✐❢✉r❝❛t✐♦♥ ❛♥❛❧②s✐s ❛t ❛ s✐♠♣❧❡ ❜✐❢✉r❝❛t✐♦♥ ♣♦✐♥t ✿
✐♥s❡rt✐♥❣ ✭✶✹✮ ❛♥❞ ✭✶✺✮ ✐♥t♦ ✭✼✮ ❛♥❞ ❝♦❧❧❡❝t✐♥❣ t❡r♠s ✇✐t❤ t❤❡ s❛♠❡ ♣♦✇❡r ✐♥
a1 ❛♥❞ a2✱ ♦♥❡ ❣❡ts ✿
♦r❞❡r a21 R
c
,UV20 +µ20P +Q(Ut1 , Ut1) = 0
♦r❞❡r a1a2 R
c
,UV11 +µ11P +Q(Ut1 , U
⊥
t1 ) +Q(U
⊥
t1 , Ut1) = 0
♦r❞❡r a22 R
c
,UV02 +µ02P +Q(U
⊥
t1 , U
⊥
t1 ) = 0
♦r❞❡r a31 R
c
,UV30 +µ30P +Q(Ut1 , V20) +Q(V20, Ut1) = 0
♦r❞❡r a21a2 R
c
,UV21 +µ21P +Q(Ut1 , V11) +Q(V11, Ut1)
+Q(U⊥t1 , V20) +Q(V20, U
⊥
t1 ) = 0
✳✳✳
♦r❞❡r ai1a
j
2 R
c
,UVij +µijP +F
nl
ij = 0
✳✳✳
✭✸✸✮
Vij ❛♥❞ µij ❛r❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✭♥♦♥ s✐♥❣✉❧❛r✮ ❧✐♥❡❛r s②st❡♠

R
c
,U P
UTt1 0
U⊥Tt1 0

[Vij
µij
]
=

−F
nl
ij
0
0

 ✭✸✹✮
✇✐t❤
µ20 = 0
µ11 = −ψ
T {Q(Ut1 , U
⊥
t1 ) +Q(U
⊥
t1 , Ut1)}
µ02 = −ψ
T {Q(U⊥t1 , U
⊥
t1 ))
µ30 = −ψ
T {Q(Ut1 , V20) +Q(V20, Ut1)}
✳✳✳
✭✸✺✮
✷✵
❚❤❡ Vp✱ βp ♦❢ ✭✸✶✮ ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ Vij ✱ µij ♦❢ ✭✶✹✮ ❛♥❞ ✭✶✺✮ ❜②
V2 = V20 β2 = −
µ30
µ11
V3 = V30 + β2V11 β3 = −
µ40+β2µ21+β22µ02
µ11
V4 = V40 + β2V21 + β3V11 + β
2
2V02 β4 = −
µ50+β3µ21+β2µ31+2β2β3µ02+β22µ12
µ11
✳✳✳
✳✳✳
✭✸✻✮
P❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ t❤❡ ✷❉ ♠❛♥✐❢♦❧❞ ✇✐t❤ a1 ❛♥❞ µ✳ ❍❡r❡❛❢❡r✱ ✭✶✺✮
✐s r❡✈❡rt❡❞ t♦ ❡①♣r❡ss a2 ❛s ❢✉♥❝t✐♦♥ ♦❢ a1 ❛♥❞ µ✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ♣r♦❝❡❞✉r❡
♣r♦♣♦s❡❞ ❜② ❉❛♠✐❧ ❛♥❞ P♦t✐❡r✲❋❡rr② ✐♥ ❬✶✸❪✱ ✐❡✱ ✇❡ r❡s❝❛❧❡ a1✱ a2 ❛♥❞ µ ❛s
❢♦❧❧♦✇s ✿
a1 = η A1 a2 = η
2A2 µ = η
3 ✭✸✼✮
❛♥❞ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❛♥s✐♦♥ ♦❢ A2 ✐♥ A1 ❛♥❞ η ✿
A2(A1, η) = f0(A1) + η f1(A1) + η
2 f2(A1) + η
3 f3(A1) + . . . ✭✸✽✮
✇❤❡r❡ f0✱ f1✱ f2✱ . . . ❛r❡ ❢✉♥❝t✐♦♥ ♦❢ A1 ♦♥❧②✱ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ■♥s❡rt✐♥❣ ✭✸✽✮
✐♥t♦ ✭✶✺✮✱ ❝♦❧❧❡❝t✐♥❣ t❡r♠ ✇✐t❤ t❤❡ s❛♠❡ ♣♦✇❡r ♦❢ η ❛♥❞ s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥s
②✐❡❧❞s ✿
f0(A1) = β2A
2
1 +
1
µ11A1
f1(A1) = β3A
3
1 + c0,1
1
µ11
+ c−3,2
1
µ2
11
A3
1
f2(A1) = β4A
4
1 + c1,1
A1
µ11
+ c−2,2
1
µ2
11
A2
1
+ c−5,3
1
µ3
11
A5
1
✳✳✳
✭✸✾✮
✇❤❡r❡ t❤❡ ci,j ❛r❡
c0,1 = −
µ21+2β2µ02
µ11
c−3,2 = −
µ02
µ11
c1,1 = −
µ31+c0,1µ21+(β2+c0,1β3)µ02+2β2µ12
µ11
✳✳✳
✭✹✵✮
❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣❛r❛♠❡t❡rs a1✱ a2✱ µ✱ ❡①♣r❡ss✐♦♥ ❢♦r a2 ✐s ✿
a2(a1, µ) = β2 a
2
1 + β3 a
3
1 + β4 a
4
1 + . . .
+ µµ11
(
1
a1
+ c0,1 + c1,1 a1 + . . .
)
+ µ
2
µ2
11
(
c−3,2
1
a3
1
+ c−2,2
1
a2
1
+ . . .
)
+ µ
3
µ3
11
(
c−5,3
1
a5
1
. . .
)
✳✳✳
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